
Answer on Question #86336 – Math – Differential Equations 

Question 

Solve the following ODE using the power series method: 

(x^2-1)y"+3xy'+xy=0 

 

Solution 

We seek the solution of the equation in the form of a power series 𝑦(𝑥) =

∑ 𝑎𝑛𝑥
𝑛∞

𝑛=0  𝑇ℎ𝑒𝑛 𝑦′ = ∑ 𝑎𝑛𝑛𝑥
𝑛−1∞

𝑛=1  𝑎𝑛𝑑   𝑦′′ = ∑ 𝑎𝑛𝑛(𝑛 − 1)𝑥
𝑛−2∞

𝑛=2 : 

(𝑥2 − 1)∑𝑎𝑛𝑛(𝑛 − 1)𝑥
𝑛−2

∞

𝑛=2

+ 3𝑥∑𝑎𝑛𝑛𝑥
𝑛−1

∞

𝑛=1

+ 𝑥∑𝑎𝑛𝑥
𝑛

∞

𝑛=0

= 0 

∑𝑎𝑛𝑛(𝑛 − 1)𝑥
𝑛

∞

𝑛=2

−∑𝑎𝑛𝑛(𝑛 − 1)𝑥
𝑛−2

∞

𝑛=2

+ 3∑𝑎𝑛𝑛𝑥
𝑛

∞

𝑛=1

+∑𝑎𝑛𝑥
𝑛+1

∞

𝑛=0

= 0 

∑𝑎𝑛𝑛(𝑛 − 1)𝑥
𝑛

∞

𝑛=2

−∑𝑎𝑛+2(𝑛 + 2)(𝑛 + 1)𝑥
𝑛

∞

𝑛=0

+ 3∑𝑎𝑛𝑛𝑥
𝑛

∞

𝑛=1

+∑𝑎𝑛−1𝑥
𝑛

∞

𝑛=1

= 0 

∑𝑎𝑛𝑛(𝑛 − 1)𝑥
𝑛

∞

𝑛=2

− 2𝑎2 − 6𝑎3𝑥 −∑𝑎𝑛+2(𝑛 + 2)(𝑛 + 1)𝑥
𝑛

∞

𝑛=2

+ 3𝑎1𝑥 + 3∑𝑎𝑛𝑛𝑥
𝑛

∞

𝑛=2

+ 𝑎0𝑥

+∑𝑎𝑛−1𝑥
𝑛

∞

𝑛=2

= 0 

{

−2𝑎2 = 0
−6𝑎3 + 3𝑎1 + 𝑎0 = 0

𝑎𝑛𝑛(𝑛 − 1) − 𝑎𝑛+2(𝑛 + 2)(𝑛 + 1) + 3𝑎𝑛𝑛 + 𝑎𝑛−1 = 0, 𝑛 = 2,3,4…
 

{

𝑎2 = 0

𝑎3 =
3𝑎1 + 𝑎0

6
𝑎𝑛𝑛(𝑛 + 2) − 𝑎𝑛+2(𝑛 + 2)(𝑛 + 1) + 𝑎𝑛−1 = 0, 𝑛 = 2,3,4…

 

{
 
 

 
 

𝑎2 = 0

𝑎3 =
3𝑎1 + 𝑎0

6

𝑎𝑛+2 =
𝑎𝑛𝑛(𝑛 + 2) + 𝑎𝑛−1
(𝑛 + 2)(𝑛 + 1)

, 𝑛 = 2,3,4…

 

𝑦(𝑥) = ∑𝑎𝑛𝑥
𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1𝑥 +
3𝑎1 + 𝑎0

6
𝑥3 +∑𝑎𝑛+2𝑥

𝑛+2

∞

𝑛=2

= 𝑎0 + 𝑎1𝑥 +
3𝑎1 + 𝑎0

6
𝑥3 +∑

𝑎𝑛𝑛(𝑛 + 2) + 𝑎𝑛−1
(𝑛 + 2)(𝑛 + 1)

𝑥𝑛+2
∞

𝑛=2

 



 

Answer: 𝑦(𝑥) = 𝑎0 + 𝑎1𝑥 +
3𝑎1+𝑎0

6
𝑥3 + ∑

𝑎𝑛𝑛(𝑛+2)+𝑎𝑛−1

(𝑛+2)(𝑛+1)
𝑥𝑛+2∞

𝑛=2 .   
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