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Answer on Question #86005 – Math – Differential Equations 

Question 

 𝑝2 + 𝑞2 − 2𝑝𝑥 − 2𝑞𝑦 + 2𝑥𝑦 by Charpit's method find the complete integral this differential 

equation. 

Solution 

Charpit's method is: 
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                                                          (1) 

and  

 𝑑𝑧 = 𝑝𝑑𝑥 + 𝑞𝑑𝑦   ,                                                                                              (2) 

where 

 𝑓(𝑥, 𝑦, 𝑧, 𝑝, 𝑞) =  𝑝2 + 𝑞2 − 2𝑝𝑥 − 2𝑞𝑦 + 2𝑥𝑦 ,                                           (3) 

𝜕𝑓

𝜕𝑥
= −2𝑝 + 2𝑦, 

𝜕𝑓

𝜕𝑦
= −2𝑞 + 2𝑥, 

𝜕𝑓

𝜕𝑧
= 0, 

𝜕𝑓

𝜕𝑝
= 2𝑝 − 2𝑥, 

𝜕𝑓

𝜕𝑞
= 2𝑞 − 2𝑦.  (4) 

Let’s substitute (4) in (1): 

dp
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=
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−2𝑞+2𝑥
=
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=

𝑑𝑥

2𝑥−2𝑝
=

𝑑𝑦
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, then take such fractions: 

1) 
dp

−2𝑝+2𝑦
=

𝑑𝑞

−2𝑞+2𝑥
, 

∫
dp

−2𝑝+2𝑦
= ∫

𝑑𝑞

−2𝑞+2𝑥
, 

ln|𝑝 − 𝑦| = ln|𝑞 − 𝑥| + ln 𝑐1, 

𝑝 − 𝑦 = 𝑐1(𝑞 − 𝑥), 

𝑝 = 𝑦 + 𝑐1(𝑥 − 𝑞), 

𝑝 = 𝑦 + 𝑐1𝑥 − 𝑐1𝑞.                                                                                                (5) 

2) 
𝑑𝑥

2𝑥−2𝑝
=

𝑑𝑦

2𝑦−2𝑞
, 

∫
𝑑𝑥

2𝑥−2𝑝
= ∫

𝑑𝑦

2𝑦−2𝑞
, 

ln|𝑥 − 𝑝| = ln|𝑦 − 𝑞| + ln 𝑐2, 

𝑥 − 𝑝 = 𝑐2(𝑦 − 𝑞), 

𝑝 = 𝑥 − 𝑐2𝑦 + 𝑐2𝑞.                                                                                               (6) 

Let’s substitute (5) in (6): 
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𝑦 + 𝑐1𝑥 − 𝑐1𝑞 = 𝑥 − 𝑐2𝑦 + 𝑐2𝑞, 

𝑞 =
(1+𝑐2)𝑦+(𝑐1−1)𝑥

𝑐1+𝑐2
.                                                                                             (7) 

Let’s substitute (7) in (5): 

𝑝 = 𝑦 + 𝑐1𝑥 −
𝑦+𝑐2𝑦+𝑐1𝑥−𝑥

𝑐1+𝑐2
, 

𝑝 =
(𝑐1+𝑐2)𝑦+𝑐1(𝑐1+𝑐2)𝑥−(1+𝑐2)𝑦−(𝑐1−1)𝑥

𝑐1+𝑐2
, 

𝑝 =
(𝑐1−1)𝑦+(𝑐1(𝑐1+𝑐2)−(𝑐1−1))𝑥

𝑐1+𝑐2
.                                                                         (8) 

Let’s substitute (7), (8) in (2): 

𝑑𝑧 =
(𝑐1−1)𝑦+(𝑐1(𝑐1+𝑐2)−(𝑐1−1))𝑥

𝑐1+𝑐2
𝑑𝑥 +

(1+𝑐2)𝑦+(𝑐1−1)𝑥

𝑐1+𝑐2
𝑑𝑦, 

∫ 𝑑𝑧=∫
(𝑐1−1)𝑦+(𝑐1(𝑐1+𝑐2)−(𝑐1−1))𝑥

𝑐1+𝑐2
𝑑𝑥 +

(1+𝑐2)𝑦+(𝑐1−1)𝑥

𝑐1+𝑐2
𝑑𝑦, 

𝑧 =
(𝑐1−1)𝑦𝑥+(𝑐1(𝑐1+𝑐2)−(𝑐1−1))𝑥2

𝑐1+𝑐2
+

(1+𝑐2)𝑦2+(𝑐1−1)𝑥𝑦

𝑐1+𝑐2
+ 𝐶, 

𝑧 =
(𝑐1−1)𝑦𝑥+(𝑐1(𝑐1+𝑐2)−(𝑐1−1))𝑥2+(1+𝑐2)𝑦2+(𝑐1−1)𝑥𝑦

𝑐1+𝑐2
+ 𝐶, 

𝑧 =
(𝑐1(𝑐1+𝑐2)−(𝑐1−1))𝑥2+(1+𝑐2)𝑦2+2(𝑐1−1)𝑦𝑥

𝑐1+𝑐2
+ 𝐶. 

  Answer: 𝑧 =
(𝑐1(𝑐1+𝑐2)−(𝑐1−1))𝑥2+(1+𝑐2)𝑦2+2(𝑐1−1)𝑦𝑥

𝑐1+𝑐2
+ 𝐶  is the complete integral of the 

differential equation   𝑝2 + 𝑞2 − 2𝑝𝑥 − 2𝑞𝑦 + 2𝑥𝑦. 
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