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Answer on Question #85825 – Math – Calculus 

Question 

 Using Green’s Theorem evaluate the integral  

∫ 𝑥2𝑦𝑑𝑥 − 𝑥𝑦2 𝑑𝑦                                                                                                 (1)   

where C is the circle  𝑥2 + 𝑦2 =4 oriented counter clockwise. 

 

Solution 

Green’s Theorem:  

 ∮ 𝑃𝑑𝑥 + 𝑄𝑑𝑦 = ∬ (
𝜕𝑄

𝜕𝑥𝐷
−

𝜕𝑃

𝜕𝑦
)𝑑𝑥𝑑𝑦 .                                                                    (2) 

Use (2) for (1) 

P=𝑥2𝑦, Q=−𝑥𝑦2,   
𝜕𝑄

𝜕𝑥
= −𝑦2,  

𝜕𝑃

𝜕𝑦
= 𝑥2,  𝐼 = ∫ 𝑥2𝑦𝑑𝑥 − 𝑥𝑦2 𝑑𝑦 = ∬ (−

𝐷
 𝑦2 − 𝑥2)𝑑𝑥𝑑𝑦. 

Let’s move in the integral I to polar coordinates: 

𝑥 = 𝑟𝑐𝑜𝑠 𝜑, 𝑦 = 𝑟𝑠𝑖𝑛 𝜑, then 

I = ∫ 𝑑𝜑 ∫(−𝑟2𝑠𝑖𝑛2𝜑 − 𝑟2𝑐𝑜𝑠2

2

0

2𝜋

0

𝜑)𝑟𝑑𝑟 = ∫ 𝑑𝜑 ∫(−𝑟3(𝑠𝑖𝑛2𝜑 + 𝑐𝑜𝑠2

2

0

2𝜋

0

𝜑))𝑑𝑟 = 

= ∫ 𝑑𝜑 ∫(−𝑟3)𝑑𝑟 = ∫ (−
𝑟4

4
) |

𝑟 = 2
𝑟 = 0

𝑑𝜑

2𝜋

0

𝑟

0

2𝜋

0

= ∫ (−4)𝑑𝜑 = −4𝜑|
𝜑 = 2𝜋
𝜑 = 0

2𝜋

0

= −8𝜋. 

 Answer:  ∫ 𝑥2𝑦𝑑𝑥 − 𝑥𝑦2 𝑑𝑦 = −8𝜋.           
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