
ANSWER on Question #85725 – Math – Differential Equations 

QUESTION 

Consider the differential equation 

𝑥3𝑦′′′ + 10𝑥2𝑦 ′′ + 16𝑥𝑦 ′ − 16𝑦 = 0 → 𝑥, 𝑥−4, 𝑥−4 ln(𝑥),   ∀𝑥 ∈ (0,∞) 

Verify that the given functions form a fundamental set of solutions of the differential equation on the indicated 

interval. 

The functions satisfy the differential equation and are linearly independent since 

𝑊(𝑥, 𝑥−4, 𝑥−4 ln(𝑥)) ≠ 0, 𝑓𝑜𝑟 0 < 𝑥 < ∞ 

Form the general solution. 

𝑦𝑔𝑒𝑛𝑒𝑟𝑎𝑙(𝑥) = ⋯ 

SOLUTION 

Definition: for 𝑛 real- or complex-valued functions {𝑓1, 𝑓2, … , 𝑓𝑛} which are (𝑛 − 1) times differentiable on an 

interval 𝐼, the Wronskian 𝑊(𝑓1, 𝑓2, … , 𝑓𝑛) as a function on 𝐼 is defined by 

𝑊(𝑓1, 𝑓2, … , 𝑓𝑛) = ||

𝑓1(𝑥)

𝑓1
′(𝑥)
⋮

𝑓1
(𝑛−1)(𝑥)

𝑓2(𝑥)

𝑓2
′(𝑥)
⋮

𝑓2
(𝑛−1)(𝑥)

⋯
⋯
⋱
⋯

𝑓𝑛(𝑥)

𝑓𝑛
′(𝑥)
⋮

𝑓𝑛
(𝑛−1)(𝑥)

|| 

( More information: https://en.wikipedia.org/wiki/Wronskian ) 

In our case, 

𝑊(𝑥, 𝑥−4, 𝑥−4 ln(𝑥)) → {

𝑓1(𝑥) = 𝑥

𝑓2(𝑥) = 𝑥−4

𝑓3(𝑥) = 𝑥
−4 ln(𝑥)

→ {

𝑓1
′(𝑥) = 1

𝑓2
′(𝑥) = −4 ⋅ 𝑥−5

𝑓3
′(𝑥) = −4 ⋅ 𝑥−5 ln(𝑥) + 𝑥−4 ⋅ 𝑥−1

→ 

{

𝑓1
′(𝑥) = 1

𝑓2
′(𝑥) = −4 ⋅ 𝑥−5

𝑓3
′(𝑥) = 𝑥−5 ⋅ (1 − 4 ln(𝑥))

→ {

𝑓1
′′(𝑥) = 0

𝑓2
′′(𝑥) = (−4)(−5) ⋅ 𝑥−6

𝑓3
′′(𝑥) = −5 ⋅ 𝑥−6 ⋅ (1 − 4 ln(𝑥)) + 𝑥−5 ⋅ (−4𝑥−1)

→ 

{

𝑓1
′′(𝑥) = 0

𝑓2
′′(𝑥) = 20 ⋅ 𝑥−6

𝑓3
′′(𝑥) = 𝑥−6(−5 + 20 ln(𝑥) − 4)

→ {

𝑓1
′′(𝑥) = 0

𝑓2
′′(𝑥) = 20 ⋅ 𝑥−6

𝑓3
′′(𝑥) = 𝑥−6(−9 + 20 ln(𝑥))

 

 

https://en.wikipedia.org/wiki/Wronskian


Conclusion, 

{
 
 

 
 

𝑓1(𝑥) = 𝑥

𝑓2(𝑥) =
1

𝑥4

𝑓3(𝑥) =
ln(𝑥)

𝑥4

→

{
 
 

 
 

𝑓1
′(𝑥) = 1

𝑓2
′(𝑥) = −

4

𝑥5

𝑓3
′(𝑥) =

1 − 4 ln(𝑥)

𝑥5

→

{
 
 

 
 

𝑓1
′′(𝑥) = 0

𝑓2
′′(𝑥) =

20

𝑥6

𝑓3
′′(𝑥) =

−9 + 20 ln(𝑥)

𝑥6

 

Then, 

𝑊(𝑥, 𝑥−4, 𝑥−4 ln(𝑥)) =
|

|
𝑥

1

𝑥4
ln(𝑥)

𝑥4

1 −
4

𝑥5
1 − 4 ln(𝑥)

𝑥5

0
20

𝑥6
−9 + 20 ln(𝑥)

𝑥6

|

|
= 

= 𝑥 ⋅ (−
4

𝑥5
) ⋅
−9 + 20 ln(𝑥)

𝑥6
+ 1 ⋅

20

𝑥6
⋅
ln(𝑥)

𝑥4
+ 0 ⋅

1

𝑥4
⋅
1 − 4 ln(𝑥)

𝑥5
− 

−0 ⋅ (−
4

𝑥5
) ⋅
ln(𝑥)

𝑥4
− 𝑥 ⋅

20

𝑥6
⋅
1 − 4 ln(𝑥)

𝑥5
− 1 ⋅

1

𝑥4
⋅
−9 + 20 ln(𝑥)

𝑥6
= 

=
36 − 80 ln(𝑥)

𝑥10
+
20 ln(𝑥)

𝑥10
+−0 − 0 −

20 − 80 ln(𝑥)

𝑥10
−
20 ln(𝑥) − 9

𝑥10
= 

=
36 − 80 ln(𝑥) + 20 ln(𝑥) − (20 − 80 ln(𝑥)) − (20 ln(𝑥) − 9)

𝑥10
= 

=
36 − 80 ln(𝑥) + 20 ln(𝑥) − 20 + 80 ln(𝑥) − 20 ln(𝑥) + 9

𝑥10
= 

=
(36 − 20 + 9) + ln(𝑥) ⋅ (−80 + 20 + 80 − 20)

𝑥10
=
25

𝑥10
 

Conclusion, 

𝑊(𝑥, 𝑥−4, 𝑥−4 ln(𝑥)) =
25

𝑥10
≠ 0   𝑓𝑜𝑟   0 < 𝑥 < ∞ → {𝑥, 𝑥−4, 𝑥−4 ln(𝑥)} − 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑐𝑒  

Then, 

𝑦𝑔𝑒𝑛𝑒𝑟𝑎𝑙(𝑥) = 𝐶1 ⋅ 𝑥 + 𝐶2 ⋅ 𝑥
−4 + 𝐶3 ⋅ 𝑥

−4 ln(𝑥) + 𝐶4 

For verification, we can use  

https://www.wolframalpha.com/input/?i=x%5E3*y%27%27%27%2B10*x%5E2*y%27%27%2B16*x*y%27-

16y%3D0  

https://www.wolframalpha.com/input/?i=x%5E3*y%27%27%27%2B10*x%5E2*y%27%27%2B16*x*y%27-16y%3D0
https://www.wolframalpha.com/input/?i=x%5E3*y%27%27%27%2B10*x%5E2*y%27%27%2B16*x*y%27-16y%3D0


ANSWER 

𝑊(𝑥, 𝑥−4, 𝑥−4 ln(𝑥)) =
25

𝑥10
≠ 0   𝑓𝑜𝑟   0 < 𝑥 < ∞ → {𝑥, 𝑥−4, 𝑥−4 ln(𝑥)} − 𝑙𝑖𝑛𝑒𝑎𝑟𝑙𝑦 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑐𝑒 

𝑦𝑔𝑒𝑛𝑒𝑟𝑎𝑙(𝑥) = 𝐶1 ⋅ 𝑥 + 𝐶2 ⋅ 𝑥
−4 + 𝐶3 ⋅ 𝑥

−4 ln(𝑥) + 𝐶4 
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