Answer on Question #85443 — Math — Calculus

Question
If
y=acoslnx+bsinlnx, (1)
Show that
22y 4+ (2n+1)xy ™ + (n?+1)y ™ =0 (2)
(y™ means nth derivative of y).
Solution

To prove this, we use the method of mathematical induction:

1) Check, when n=0,

x2y@D+xyD +y =07 (3)

y@ = Zasininx g beosnx _ =1 o sinlnx — b cosln x), (4)
X X X

y@ = xiz(a sinlnx — b coslnx) + ;—i(a coslnx + bsinlnx). (5)

Substitute (1), (4), (5) in (3):

x2yPaxy® +y = asinlax — beostax — -acostnx — bsinlnx-—asinlnx+
beostax+  +hsinlna=0.

2) Assume that with n=m (m=1, 2, 3, 4,...) executed (2) for (1)
x2yM+2) 4 2m+1)xy ™D 4+ (m2+1)y™ =0 (6)

3) Let’s prove with n=m+1 (m=1, 2, 3, 4, ...) (2) holds for the function from (1). For this we
differentiate (6):

2y + 2m + Dxy™D + (m? + 1)y™)® =(x2ym+2)® 4 ((2m + 1)xy ™D 4

+H(m? + 1)ymM) D=2y M+ 152y (m+2+ D4 (2m + 1)y ™D 4+ 2m + Dxy ™1+ D(m? +
+1)y(m+1)=x2y(m+2+1) + (Zm + 2 + 1)xy(m+1+1) + (mz + 2m + 1 + 1) y(m+1)=x2y(m+1+2)+

+2(m + 1) + Daxy™ 14D 4 ((m + 1)2 + Dy ™D = x2y™+2) 4 2n+1)xy ™D+ (n?+1)y™ =0,
If y=acoslnx+sinlnx,then

x2y™@+2) 4+ (2n+1)xy ™+ D + (n2+1)y™ =0 (y™ means nth derivative of y) for n=0,1,2,3,... .
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