
Answer on Question #82444 – Math – Calculus 

 

Question 

 

Evaluate Γ(− 3 2⁄ ) 

 

Solution 

For 𝑥 > 0 

Γ(𝑥) = ∫ 𝑡𝑥−1𝑒−𝑡
∞

0

𝑑𝑡 

Then 

Γ(𝑥 + 1) = ∫ 𝑡𝑥+1−1𝑒−𝑡
∞

0

𝑑𝑡 = ∫ 𝑡𝑥𝑒−𝑡
∞

0

𝑑𝑡 

Integrate by parts 

Γ(𝑥 + 1) = ∫ 𝑡𝑥+1−1𝑒−𝑡
∞

0

𝑑𝑡 = ∫ 𝑡𝑥𝑒−𝑡
∞

0

𝑑𝑡 = [−𝑡𝑥𝑒−𝑡]
∞
0

+ 𝑥 ∫ 𝑡𝑥−1𝑒−𝑡
∞

0

𝑑𝑡 = 

= 0 + 𝑥 ∫ 𝑡𝑥−1𝑒−𝑡
∞

0

𝑑𝑡 = 𝑥Γ(𝑥) 

Functional equation 

Γ(𝑥 + 1) = 𝑥Γ(𝑥), 𝑥 > 0 

Γ (
1

2
) = ∫ 𝑡

1
2

−1𝑒−𝑡
∞

0

𝑑𝑡 

The change of variable 𝑡 = 𝑢2 gives 

Γ (
1

2
) = ∫ 𝑡

1
2

−1𝑒−𝑡
∞

0

𝑑𝑡 = 2 ∫ 𝑒−𝑢2
∞

0

𝑑𝑢 = 2 (
√𝜋

2
) = √𝜋 

We can extend Γ(𝑥) to non-integer negative values by defining 

Γ(𝑥) =
Γ(𝑥 + 1)

𝑥
 , 𝑥 < 0, 𝑥 ∉ 𝑍 

Γ (−
3

2
) =

Γ (−
3
2

+ 1)

−
3
2

= −
2

3
Γ (−

1

2
) = −

2

3
(

Γ (−
1
2

+ 1)

−
1
2

) =
4

3
Γ (

1

2
) =

4√𝜋

3
 

Answer: Γ (−
3

2
) =

4√𝜋

3
. 
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