
Answer on Question #82283 – Math – Differential Equations 

Question 

(x^3 - 1)y''(x) + (x^2)y'(x) + xy(x) = 0, y(0)=2, y'(0)=1 

 

Solution 

This equation of the form: 

𝑥2(𝑎𝑥𝑛 − 1)𝑦′′(𝑥) + 𝑥(𝑎𝑝𝑥𝑛 + 𝑞)𝑦′(𝑥) + (𝑎𝑟𝑥𝑛 + 𝑠)𝑦(𝑥) = 0 

where n=3, a=1, p=1, q=0, r=1, s=0. Find the roots of the quadratic equations: 

{
𝐴2 − (𝑞 + 1)𝐴 − 𝑠 = 0

𝐵2 − (𝑝 − 1)𝐵 + 𝑟 = 0
→ {𝐴2 − 𝐴 = 0

𝐵2 + 1 = 0
→ 𝐴1 = 0, 𝐴2 = 1, 𝐵1 = −𝑖, 𝐵2 = 𝑖 

And define parameters c,α,β and γ: 

𝑐 = 𝐴1 = 0 

𝛼 = (𝐴1 + 𝐵1)𝑛−1 =
−𝑖

3
 

𝛽 = (𝐴1 + 𝐵2)𝑛−1 =
𝑖

3
 

𝛾 = 1 + (𝐴1 − 𝐴2)𝑛−1 =
2

3
 

Then the solution of the original equation has the form 𝑦(𝑥) = 𝑥𝑐𝑢(𝑎𝑥𝑛) = 𝑢(𝑥3) where 

u=u(z) is the general solution of the hypergeometric equation: 

𝑧(𝑧 − 1)𝑢′′(𝑧) + ((𝛼 + 𝛽 + 1)𝑧 − 𝛾)𝑢′(𝑧) + 𝛼𝛽𝑢(𝑧) = 0 

𝑧(𝑧 − 1)𝑢′′(𝑧) + (𝑧 −
2

3
) 𝑢′(𝑧) + 𝑢(𝑧)/9 = 0 

γ=2/3 is not an integer, the general solution of the hypergeometric equation has the form: 

𝑢(𝑧) = 𝐶1𝐹(𝛼, 𝛽, 𝛾; 𝑧) + 𝐶2𝑧1−𝛾𝐹(𝛼 − 𝛾 + 1, 𝛽 − 𝛾 + 1,2 − 𝛾; 𝑧) 

𝑦(𝑥) = 𝑢(𝑥3) = 𝐶1 𝐹2 1 (
−𝑖

3
,

𝑖

3
,
2

3
; 𝑥3) + 𝐶2𝑥 𝐹2 1(

−𝑖

3
+

1

3
,

𝑖

3
+

1

3
,
4

3
; 𝑥3) 

where 2F1 is the hypergeometric function 

𝐹2 1(𝑙, 𝑚, 𝑘; 𝑡) = ∑
(𝑙)𝑛(𝑚)𝑛

(𝑘)𝑛

𝑡𝑛

𝑛!

∞

𝑛=0

 

𝑑

𝑑𝑡
( 𝐹2 1(𝑙, 𝑚, 𝑘; 𝑡)) =

𝑙𝑚

𝑘
𝐹2 1(𝑙 + 1, 𝑚 + 1, 𝑘 + 1; 𝑡) 



For y(0)=2, y'(0)=1: 

𝑦(0) = 2 = 𝐶1 𝐹2 1 (
−𝑖

3
,

𝑖

3
,
2

3
; 0) + 𝐶20 𝐹2 1(

−𝑖

3
+

1

3
,

𝑖

3
+

1

3
,
4

3
; 0) → 𝐶1 = 2 

𝑦′(𝑥) = 𝐶1  
𝑑

𝑑𝑥
( 𝐹2 1 (

−𝑖

3
,

𝑖

3
,
2

3
; 𝑥3)) + 𝐶2

𝑑𝑥

𝑑𝑥
𝐹2 1(

−𝑖

3
+

1

3
,

𝑖

3
+

1

3
,
4

3
; 𝑥3)

+ 𝐶2𝑥
𝑑

𝑑𝑥
( 𝐹2 1(

−𝑖

3
+

1

3
,

𝑖

3
+

1

3
,
4

3
; 𝑥3))

= 2
1

9

3

2
𝐹2 1 (

−𝑖

3
+ 1,

𝑖

3
+ 1,

5

3
; 𝑥3) 3𝑥2 + 𝐶2 𝐹2 1(

−𝑖

3
+

1

3
,

𝑖

3
+

1

3
,
4

3
; 𝑥3)

+ 𝐶2𝑥
2

9

3

4
( 𝐹2 1(

−𝑖

3
+

4

3
,

𝑖

3
+

4

3
,
7

3
; 𝑥3))3𝑥2  → 𝑦′(0) = 1 → 𝐶2 = 1 

𝑦(𝑥) = 2 𝐹2 1 (
−𝑖

3
,

𝑖

3
,
2

3
; 𝑥3) + 𝑥 𝐹2 1(

−𝑖

3
+

1

3
,

𝑖

3
+

1

3
,
4

3
; 𝑥3) 

Answer: 𝑦(𝑥) = 2 𝐹2 1 (
−𝑖

3
,

𝑖

3
,

2

3
; 𝑥3) + 𝑥 𝐹2 1(

−𝑖

3
+

1

3
,

𝑖

3
+

1

3
,

4

3
; 𝑥3) . 
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