
Answer on Question #82172 – Math – Calculus 

 

Let 𝑝 and 𝑞 be real numbers and let 𝑓 be the function defined by:  

𝑓(𝑥) = {
1 + 2𝑝(𝑥 − 1) + (𝑥 − 1)2, 𝑥 ≤ 1
𝑞𝑥 + 𝑝,                                    𝑥 > 1

 

Question 

 

a. Find the values of 𝑞 in terms of 𝑝 for which 𝑓 is continuous at 𝑥 = 1. 
 

Solution 

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1−

(1 + 2𝑝(𝑥 − 1) + (𝑥 − 1)2) = 1 

lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1+

(𝑞𝑥 + 𝑝) = 𝑞 + 𝑝 

If lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1+

𝑓(𝑥) , then  lim
𝑥→1

𝑓(𝑥) exists and  

lim
𝑥→1−

𝑓(𝑥) = lim
𝑥→1+

𝑓(𝑥) = lim
𝑥→1

𝑓(𝑥) 

Hence,  

𝑞 + 𝑝 = 1 

lim
𝑥→1

𝑓(𝑥) = 1 

𝑓(1) = 1 + 2𝑝(1 − 1) + (1 − 1)2 = 1 = lim
𝑥→1

𝑓(𝑥) 

The function 𝑓 is continuous at 𝑥 = 1 if  𝑞 = 1 − 𝑝 

Answer: the function 𝑓 is continuous at 𝑥 = 1 if  𝑞 = 1 − 𝑝. 

 

 

Question 

 

b. Find the values of 𝑞 in terms of 𝑝 for which 𝑓 is differentiable at 𝑥 = 1. 
 

Solution 

lim
ℎ→0−

𝑓(1 + ℎ) − 𝑓(1)

ℎ
= 

= lim
ℎ→0−

1 + 2𝑝(1 + ℎ − 1) + (1 + ℎ − 1)2 − (1 + 2𝑝(1 − 1) + (1 − 1)2)

ℎ
= 

= lim
ℎ→0−

1 + 2𝑝ℎ + ℎ2 − 1

ℎ
= lim

ℎ→0−
(2𝑝 + ℎ) = 2𝑝 

 

lim
ℎ→0+

𝑓(1 + ℎ) − 𝑓(1)

ℎ
= lim

ℎ→0−

𝑞(1 + ℎ) + 𝑝 − 1

ℎ
= 

= lim
ℎ→0−

𝑞 + 𝑝 − 1

ℎ
+ 𝑞 

If 𝑓 is differentiable at 𝑥 = 1, then 

lim
ℎ→0−

𝑓(1 + ℎ) − 𝑓(1)

ℎ
= lim

ℎ→0+

𝑓(1 + ℎ) − 𝑓(1)

ℎ
 



2𝑝 = lim
ℎ→0−

𝑞 + 𝑝 − 1

ℎ
+ 1 

{
𝑞 + 𝑝 − 1 = 0

𝑞 = 2𝑝
=> {

2𝑝 + 𝑝 = 1
𝑞 = 2𝑝

=> {
𝑝 =

1

3

𝑞 =
2

3

 

 

Answer: 𝑞 =
2

3
, 𝑝 =

1

3
. 

Question 

 

c. If 𝑝 and 𝑞 have the values determined in part (b) is 𝑓′′ a continuous function?  

  

Solution 

{
𝑝 =

1

3

𝑞 =
2

3

 

𝑓(𝑥) = {
1 +

2

3
(𝑥 − 1) + (𝑥 − 1)2,      𝑥 ≤ 1

2

3
𝑥 +

1

3
,                                    𝑥 > 1

 

 

𝑓′(𝑥) = {

2

3
+ 2(𝑥 − 1),      𝑥 ≤ 1

2

3
,                          𝑥 > 1

 

 

𝑓′(𝑥) = {
2𝑥 −

4

3
,      𝑥 ≤ 1

2

3
,              𝑥 > 1

 

 

𝑓′′(𝑥) = 2, 𝑥 < 1 

𝑓′′(𝑥) = 0, 𝑥 > 1 

 

lim
ℎ→0−

𝑓′(1 + ℎ) − 𝑓′(1)

ℎ
= lim

ℎ→0−

2(1 + ℎ) −
4
3

− (2(1) −
4
3)

ℎ
= 2 

 

lim
ℎ→0+

𝑓′(1 + ℎ) − 𝑓′(1)

ℎ
= lim

ℎ→0+

2
3

− (2(1) −
4
3)

ℎ
= 0 

𝑆𝑖𝑛𝑐𝑒 lim
ℎ→0−

𝑓′(1 + ℎ) − 𝑓′(1)

ℎ
= 2 ≠ 0 = lim

ℎ→0+

𝑓′(1 + ℎ) − 𝑓′(1)

ℎ
 , then 



lim
ℎ→0

𝑓′(1 + ℎ) − 𝑓′(1)

ℎ
 does not exist 

 The function 𝑓′(𝑥) is not differentiable at 𝑥 = 1. 

𝑓′′(𝑥) = {
2,   𝑥 < 1
0,   𝑥 > 1

 

Therefore, 𝑓′′(𝑥) is not continuous at 𝑥 = 1. 
Answer: 𝑓′′(𝑥) is not continuous at 𝑥 = 1. 
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