
Question #8076 Interpret and prove: 1)o + o = o, 2)o + O = O, 3)O + O =
O, 4)o(O) = o, 5)o · O = o. Solution. Through the solution for simplicity of nota-
tion I will use fi = fi(x), g = g(x).
1) If f1 = o(g), f2 = o(g), x→ x0, then f1 + f2 = o(g), x→ x0. The condition implies that
fi(x)/g(x)→ 0, x→ x0, i = 1, 2, hence f1+f2

g
→ 0, t→ x0, thus f1 + f2 = o(g), x→ x0.

2)if f1 = o(g), f2 = O(g), x → x0 then f1 + f2 = O(g), x → x0. It is obvious that if
f1 = o(g), x→ x0 entails f1 = O(g), hence the statement of 2) will follow from 3).
3) fi = O(g), x → x0, i = 1, 2 then f1 + f2 = O(g), x → x0. The condition implies ex-
ist δi such that for all x ∈ Bδi(x0) |fi(x)| < Ki|g(x)|, i = 1, 2. Take δ := min{δ1, δ2},
then those two inequalities hold.Hence for all x ∈ Bδ(x) |f1 + f2| ≤ (K1 +K2)|g(x)|, thus
f1 + f2 = O(g).
4) If f1 = O(f2), g = o(f1), x → x0, then g = o(f2), x → x0. For all ε exists such δ1 that
|g(x)| < ε|f1(x)|, x ∈ Bδ1(x0). Moreover, exists δ2 and K > 0 such that for all x ∈ Bδ2(x0)
|f1| ≤ K|f2|, hence for all x ∈ Bmin{δ1,δ2}(x0) |g| < Kε|f2| and we are done
5) Can be proven in the same manner as 4).
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