
Answer on Question #80396 – Math – Calculus 

 

Question 

 

Find the surface area of the solid formed by the rotation of an arc of the cycloid  

𝑥 = 𝑎(𝜃 + sin 𝜃), 𝑦 = 𝑎(1 + cos 𝜃) about the axis of 𝑥. 
 

Solution 

The parametric equation of cycloid is 

𝑥(𝜃) = 𝑎(𝜃 + sin 𝜃), 𝑦(𝜃) = 𝑎(1 + cos 𝜃), 𝜃 ∈ [−𝜋, 𝜋] 
Suppose 𝑎 > 0. Then 𝑦 ≥ 0 

Its surface of revolution about the axis of 𝑥 is given by 

𝑆: 2𝜋 ∫ 𝑦(𝜃)√(𝑥′(𝜃))2 + (𝑦′(𝜃))2
𝜃2

𝜃1

𝑑𝜃 

𝑥′(𝜃) = (𝑎(𝜃 + sin 𝜃))
′

= 𝑎(1 + cos 𝜃) 

𝑦′(𝜃) = (𝑎(1 + cos 𝜃))
′

= −𝑎 sin 𝜃 

(𝑥′(𝜃))2 + (𝑦′(𝜃))2 = (𝑎(1 + cos 𝜃))2 + (−𝑎 sin 𝜃)2 = 

= 𝑎2(1 + 2 cos 𝜃 + cos2 𝜃 + sin2 𝜃) = 2𝑎2(1 + cos 𝜃) = 2𝑎2 (2 cos2 (
𝜃

2
)) = 

= 4𝑎2 cos2 (
𝜃

2
) 

𝑆 = 2𝜋 ∫ 𝑦(𝜃)√(𝑥′(𝜃))2 + (𝑦′(𝜃))2
𝜃2

𝜃1

𝑑𝜃 = 

= 2𝜋 ∫ 𝑎(1 + cos 𝜃)√4𝑎2 cos2 (
𝜃

2
)

𝜋

−𝜋

𝑑𝜃 

= 2𝜋 ∫ 𝑎 (2 cos2 (
𝜃

2
))

𝜋

−𝜋

(2𝑎 cos (
𝜃

2
)) 𝑑𝜃 

= 8𝜋𝑎2 ∫ cos3 (
𝜃

2
)

𝜋

−𝜋

𝑑𝜃 

∫ cos3 (
𝜃

2
) 𝑑𝜃 

Substitution 

𝑢 = sin (
𝜃

2
) , 𝑑𝑢 =

1

2
cos (

𝜃

2
) 𝑑𝜃 

cos2 (
𝜃

2
) = 1 − sin2 (

𝜃

2
) = 1 − 𝑢2 

∫ cos3 (
𝜃

2
) 𝑑𝜃 = 2 ∫(1 − 𝑢2) 𝑑𝑢 = 2 (𝑢 −

𝑢3

3
) + 𝐶 = 

= 2 (sin (
𝜃

2
) −

sin3 (
𝜃
2)

3
) + 𝐶 



 

 

 

𝑆 = 2𝜋 ∫ 𝑦(𝜃)√(𝑥′(𝜃))2 + (𝑦′(𝜃))2
𝜃2

𝜃1

𝑑𝜃 = 

= 8𝜋𝑎2 ∫ cos3 (
𝜃

2
)

𝜋

−𝜋

𝑑𝜃 = 

= 16𝜋𝑎2 [sin (
𝜃

2
) −

sin3 (
𝜃
2)

3
]

𝜋
−𝜋

= 

= 16𝜋𝑎2 (sin (
𝜋

2
) −

sin3 (
𝜋
2)

3
− (sin (

−𝜋

2
) −

sin3 (
−𝜋
2 )

3
)) = 

= 16𝜋𝑎2 (1 −
1

3
+ 1 −

1

3
) =

64𝜋𝑎2

3
 (𝑢𝑛𝑖𝑡𝑠2) 

 

𝑆 =
64𝜋𝑎2

3
 𝑠𝑞𝑢𝑎𝑟𝑒 𝑢𝑛𝑖𝑡𝑠 
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