
Answer on Question #80359 – Math – Linear Algebra 

 

Question 

 

Reduce the conic 𝑥2 + 6𝑥𝑦 + 𝑦2 − 8 = 0.  
 

Solution 

The General Equation for a Conic Section 

𝐴𝑥2 + 𝐵𝑥𝑦 + 𝐶𝑦2 + 𝐷𝑥 + 𝐸𝑦 + 𝐹 = 0 

In the given case we have 𝑥2 + 6𝑥𝑦 + 𝑦2 = 0 

𝐴 = 1, 𝐵 = 6, 𝐶 = 1,𝐷 = 0, 𝐸 = 0, 𝐹 = −8 

𝐵2 − 4𝐴𝐶 = (36)2 − 4(1)(1) = 32 > 0 

Then we have hyperbola or 2 intersecting lines. 

A conic equation of the type of  𝐴𝑥2 + 𝐵𝑥𝑦 + 𝐶𝑦2 + 𝐷𝑥 + 𝐸𝑦 + 𝐹 = 0 is rotated 

by an angle 𝜃, to form a new Cartesian plane with coordinates (𝑥′, 𝑦′), if 𝜃 is 

appropriately chosen, we can have a new equation without term 𝑥𝑦 i.e. of standard 

form. 

The relation between coordinates (𝑥, 𝑦) and (𝑥′, 𝑦′) can be expressed as  

𝑥 = 𝑥′ cos 𝜃 − 𝑦′ sin 𝜃 , 𝑦 = 𝑥′ sin 𝜃 + 𝑦′ cos 𝜃 

or 
𝑥′ = 𝑥 cos 𝜃 + 𝑦 sin 𝜃 , 𝑦′ = −𝑥 sin 𝜃 + 𝑦 cos 𝜃 

For this we need to have 𝜃 given by 

cot 2𝜃 =
𝐴 − 𝐶

𝐵
 

𝐴 = 1, 𝐵 = 6, 𝐶 = 1 

cot 2𝜃 =
1 − 1

6
= 0 => 𝜃 =

𝜋

4
 

Then 

𝑥 = 𝑥′ cos
𝜋

4
− 𝑦′ sin

𝜋

4
, 𝑦 = 𝑥′ sin

𝜋

4
+ 𝑦′ cos

𝜋

4
 

𝑥 = 𝑥′
1

√2
− 𝑦′

1

√2
, 𝑦 = 𝑥′

1

√2
+ 𝑦′

1

√2
 

 

𝑥2 + 6𝑥𝑦 + 𝑦2 = 8 
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1

√2
+ 𝑦′

1

√2
)
2

= 8 

1

2
𝑥′

2
− 𝑥′𝑦′ +

1

2
𝑦′2 + 6(

1

2
) 𝑥′

2
− 6(

1

2
)𝑦′2 +

1

2
𝑥′

2
+ 𝑥′𝑦′ +

1

2
𝑦′2 = 8 

4𝑥′
2
− 2𝑦′2 = 8 

𝑥′
2

2
−
𝑦′2

4
= 1 

This is a canonical equation of hyperbola. 

 

 



Or 

𝑥2 + 6𝑥𝑦 + 𝑦2 = 8 

𝑥2 + 2𝑥(3𝑦) + (3𝑦)2 − (3𝑦)2 + 𝑦2 = 8 

(𝑥 + 3𝑦)2 − 8𝑦2 = 8 

Substituting  𝑥′ = 𝑥 + 3𝑦, 𝑦′ = 𝑦 we obtain 

𝑥′
2
− 8𝑦′2 = 8 

𝑥′
2

8
−
𝑦′2

1
= 1 

This is a canonical equation of hyperbola. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Answer provided by https://www.AssignmentExpert.com 

 

https://www.assignmentexpert.com/

