
ANSWER on Question #80315 – Math – Calculus 

QUESTION 

Is the given statement is true or false: 

𝐸𝑣𝑒𝑟𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒  

SOLUTION 

Hint: under the expression "integrable function" we mean "Riemann integrable". 

Integrable over Riemann on an interval [𝑎, 𝑏] means that 

∃𝐴 < ∞ ∶  ∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎

= 𝐴 

( More information: https://en.wikipedia.org/wiki/Riemann_integral ) 

Recall the definition of the differentiability of a function. 

The function 𝑓(𝑥) is differentiable on an interval [𝑎, 𝑏] if there exists a limit 

∀𝑥 ∈ [𝑎, 𝑏] ∶ 𝑎 = 𝑓′(𝑥0) = lim
𝑥→𝑥0

𝑓(𝑥) − 𝑓(𝑥0)

𝑥 − 𝑥0
 

( More information : https://en.wikipedia.org/wiki/Differentiable_function ) 

Here is a counterexample to this statement, that is, give an example of the functions are integrable but 

differentiable. 

For example, 

𝑓(𝑥) = |𝑥| 𝑎𝑡 𝑥 ∈ [−1,1] 

Then, 

∫|𝑥|𝑑𝑥
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https://en.wikipedia.org/wiki/Differentiable_function


Conclusion, 

∫|𝑥|𝑑𝑥

1

−1

= 1  

Now, let us investigate the differentiability of the function 𝑓(𝑥) = |𝑥| at the point 𝑥 = 0. 

𝑓′(0) = lim
𝑥→0

|𝑥| − |0|

𝑥 − 0
= lim

𝑥→0

|𝑥| − 0

𝑥 − 0
= lim

𝑥→0

|𝑥|

𝑥
 

Since the absolute value can be opened depending on the sign of the inside expression, we consider two cases. 

|𝑥| = {
𝑥,   𝑥 ≥ 0

−𝑥,   𝑥 < 0
 

1 case: 𝑥 > 0 

𝑓′(0) = lim
𝑥→0

|𝑥|

𝑥
= lim

𝑥→0
(

𝑥

𝑥
) = lim

𝑥→0
(1) = 1 → 𝑓′(0) = 1  

2 case: 𝑥 < 0 

𝑓′(0) = lim
𝑥→0

|𝑥|

𝑥
= lim

𝑥→0
(

−𝑥

𝑥
) = lim

𝑥→0
(−1) = −1 → 𝑓′(0) = −1  

Conclusion, 

𝑓(𝑥) = |𝑥| 𝑖𝑠 𝑛𝑜𝑡 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 𝑎𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 𝑥 = 0  

General conclusion, 

𝐸𝑣𝑒𝑟𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 − 𝐹𝐴𝐿𝑆𝐸  

ANSWER 

𝐸𝑣𝑒𝑟𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑏𝑙𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑏𝑙𝑒 − 𝐹𝐴𝐿𝑆𝐸 
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