
Answer on Question #80295 – Math – Calculus 
 

Question 

1 Find the integral of 𝑓1(𝑥) =
1

tan2 𝑥
+ sec2 𝑥. 

2 Find the integral of 𝑓2(𝑥) =
1

tan2 𝑥 + sec2 𝑥
. 

 

Solution 

By definition, tan 𝑥 =
sin 𝑥

cos 𝑥
 and sec 𝑥 =

1

cos 𝑥
. 

1. 𝑓1(𝑥) =
1

tan2 𝑥
+ sec2 𝑥 =

cos2 𝑥

sin2 𝑥
+

1

cos2 𝑥
  

𝑓1(cos 𝑥 , sin 𝑥) is rational and equals 𝑓1(− cos 𝑥 , − sin 𝑥) ⟹ change of varible 𝑡 = tan 𝑥 is 
helpful 

tan 𝑥 = 𝑡, 𝑥 = arctan 𝑡 , 𝑑𝑥 =
𝑑𝑡

1+𝑡2 , sin2 𝑥 =
𝑡2

1+𝑡2 , cos2 𝑥 =
1

1+𝑡2  
 

𝐼1 = ∫ 𝑓1 𝑑𝑥 = ∫
1

𝑡2

𝑑𝑡

1+𝑡2 + ∫
1+𝑡2

1

𝑑𝑡

1+𝑡2 = ∫
1

𝑡2

𝑑𝑡

1+𝑡2 + 𝑡 = ∫
𝑑𝑡

𝑡2 − ∫
𝑑𝑡

1+𝑡2 + 𝑡 = −
1

𝑡
− arctan 𝑡 +

𝐾 = −
1

tan 𝑥
− 𝑥 + tan 𝑥 + 𝐾  

 
1

𝑡2(1+𝑡2)
=

𝐴

𝑡
+

𝐵

𝑡2 +
𝐶𝑡+𝐷

1+𝑡2 ⟹ 1 = 𝐴𝑡(1 + 𝑡2) + 𝐵(1 + 𝑡2) + 𝐶𝑡3 + 𝐷𝑡2  

⟹ 𝐵 = 1, 𝐴 = 0, 𝐶 = 0, 𝐷 = −1  
 

2. 𝑓2(𝑥) =
1

tan2 𝑥 + sec2 𝑥
=

cos2 𝑥

sin2 𝑥+1
  

𝑓2(cos 𝑥 , sin 𝑥) is rational and equals 𝑓2(− cos 𝑥 , − sin 𝑥) ⟹ change of varible 𝑡 = tan 𝑥 is 
helpful 

tan 𝑥 = 𝑡, 𝑥 = arctan 𝑡 , 𝑑𝑥 =
𝑑𝑡

1+𝑡2 , sin2 𝑥 =
𝑡2

1+𝑡2 , cos2 𝑥 =
1

1+𝑡2  
 

𝐼2 = ∫ 𝑓2 𝑑𝑥 = ∫
1

1+2𝑡2

𝑑𝑡

1+𝑡2 = 2 ∫
𝑑𝑡

1+2𝑡2 − ∫
𝑑𝑡

1+𝑡2 = √2 arctan(√2𝑡) − arctan 𝑡 = −𝑥 +

√2 arctan(√2 tan 𝑥) + 𝐾  
 

1

(1+2𝑡2)(1+𝑡2)
=

𝐴𝑡+𝐵

1+2𝑡2 +
𝐶𝑡+𝐷

1+𝑡2 ⟹ 1 = (𝐴𝑡 + 𝐵)(1 + 𝑡2) + (𝐶𝑡 + 𝐷)(1 + 2𝑡2)  

⟹ 1 = (𝐴 + 2𝐶)𝑡3 + (𝐵 + 2𝐷)𝑡2 + (𝐴 + 𝐶)𝑡 + (𝐵 + 𝐷)  
⟹ 𝐶 = 0, 𝐵 = 2, 𝐴 = 0, 𝐷 = −1  

Answer: 

∫ (
1

tan2 𝑥
+ sec2 𝑥) 𝑑𝑥 = −

1

tan 𝑥
− 𝑥 + tan 𝑥 + 𝐾  

∫
1

tan2 𝑥 + sec2 𝑥
𝑑𝑥 = −𝑥 + √2 arctan(√2 tan 𝑥) + 𝐾  
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