Answer on Question #79989 — Math — Algebra

Question

Let x belongsto Rsuchthat0 < x; <x, <...... < x,n=2and
1/(1+x)+1/(1+x3)+...... +1/(1 + x,) = 1, then show that

Jx g+ = (= D1/ x + -+ 1/ %)

Solve using inequalities.

Solution
n n

1 1
Let = aq; [ =1,2,..,n. Th z -=z = 1.
e T+, a;, fori n en‘ a; L. T5x,
=1 =1
We have that

Voot = (- D(1/ e + -+ 1/ x)

1—ai+ a (1—al-)2+ a? B 1
a; 1—q a;(1—a;) a;(1—a;) a;(1—a;)

The last inequality is true according to Chebyshev’s inequality applied to the
sequences



1 1 1
, Ay, e, Ay d , Iy
(e, a; @) an (\/‘11(1 —a) \/az(l — az) m>

Theorem (Chebyshev’s inequality) Let a; < a, <...... < a, and
by <b, <...... < b,, be real numbers. Then we have
n n n
(2 al-) (Z bl> <n (Z Clibi)
i=1 i=1 i=1
Note Chebyshev’s inequality is also true ifa; > a, >...... > a, and
by =b,>...... > b,
Butifa, <a, <...... <ajandb; = b, >...... > b,, (or the reverse) then we
have
n n n
(z ai> (Z bl) >n (2 aibi>
1 i=1 i=1 i=1
T+, =aq;,fori=12,..,n0<x; <x, <...... < x,,n = 2,then
1 1 1
> > >
1+x; 1+x, 1+x,
a, =0a; =...... = a,

The sequence (a4, a,, ..., a,) is non — increasing.

1 B 1 _1+xl-
Jai(l—a) J1+1 (1-—1) Jxi
X; 1+xl
1+x
f(x) = =x"12 4 x1/2 x>0
Vx
f’(x):—lx_3/2+lx_1/2 :x—l
2 3 2x3/2

The function f is increasing on (1, o).

X 1 Vx
x
If x; =0,thenx, =0
1 1 1 1 1
<1=> =

+ + <1=> <
1+x; 1+x, 1+0 1+x, 1+x,

This is false, if x, > 0.

If0 < x; <1,then
1 1

+ <1
1+x; 1+x,




1 1 X1
1+x,

1
— = =>x,=2—=>x,>1
14+x;, 14+x 2T x 2

Hence

flxz) < - < fxn)

We have that
1
Fo) 2 (1) = f)
fx) S flxp) < < fxy)

flx) < flx) < < fxy)

It is clear that (both in case x; = 1 and in case x; < 1)

f(x1) < f(ifz) < =< fx)

Ifx; = 1,then

1 1
< < e <
\/a1(1 —ay) \/az(l —a,) Vap(1—ay)
The sequence < ! ! ! ) iS
u ) ) ey i
\/(11(1 —ay) \/az(l —az) Van(1—ay)

non — decreasing.
Apply the Chebyshev’s inequality

Therefore

VI G + e+ Jx, = (=D (1/Vag + -+ 1/4x,).
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