
ANSWER on Question #79130 – Math – Differential Equations 

QUESTION 

Find the value of 𝑛 for which the equation 

(𝑛 − 1)2𝑢𝑥𝑥 − 𝑦
2𝑛𝑢𝑦𝑦 = 𝑛𝑦2𝑛−1𝑢𝑦 

is parabolic or hyperbolic. 

SOLUTION 

Consider the generic form of a second order linear partial differential equation in 2 variables with constant 

coefficients: 

𝑎𝑢𝑥𝑥 + 𝑏𝑢𝑥𝑦 + 𝑐𝑢𝑦𝑦 + 𝑑𝑢𝑥 + 𝑒𝑢𝑦 + 𝑓𝑢 = 𝑔(𝑥, 𝑦). 

For the equation to be of second order, 𝑎, 𝑏, and 𝑐 cannot all be zero(𝑎2 + 𝑏2 + 𝑐2 ≠ 0). Define its discriminant 

to be 𝐷 = 𝑏2– 4𝑎𝑐. The properties and behavior of its solution are largely dependent of its type, as classified 

below. 

If 𝐷 = 𝑏2– 4𝑎𝑐 > 0, then the equation is called hyperbolic. 

If 𝐷 = 𝑏2– 4𝑎𝑐 = 0, then the equation is called parabolic. 

If 𝐷 = 𝑏2– 4𝑎𝑐 < 0, then the equation is called elliptic. 

( More information: https://en.wikipedia.org/wiki/Partial_differential_equation ) 

In our case, 

(𝑛 − 1)2𝑢𝑥𝑥 − 𝑦
2𝑛𝑢𝑦𝑦 = 𝑛𝑦

2𝑛−1𝑢𝑦 → (𝑛 − 1)2𝑢𝑥𝑥 − 𝑦
2𝑛𝑢𝑦𝑦 − 𝑛𝑦

2𝑛−1𝑢𝑦 = 0 →

{
 
 
 

 
 
 
𝑎 = (𝑛 − 1)2

𝑏 = 0
𝑐 = −𝑦2𝑛

𝑑 = 0
𝑒 = −𝑛𝑦2𝑛−1

𝑓 = 0

𝑔(𝑥, 𝑦) = 0

 

𝐷 = 𝑏2 − 4𝑎𝑐 = 02 − 4 ⋅ (𝑛 − 1)2 ⋅ (−𝑦2𝑛) = 4 ⋅ (𝑛 − 1)2 ⋅ (𝑦𝑛)2 = 0 → 𝑛 − 1 = 0 → 𝑛 = 1  

Conclusion, 

[
𝑖𝑓 𝑛 = 1, 𝐷 = 0 − 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑖𝑐
𝑖𝑓 𝑛 ≠ 1, 𝐷 > 0 − 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑖𝑐

 

https://en.wikipedia.org/wiki/Partial_differential_equation


 

ANSWER:  [
𝑖𝑓 𝑛 = 1, 𝐷 = 0 − 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑝𝑎𝑟𝑎𝑏𝑜𝑙𝑖𝑐
𝑖𝑓 𝑛 ≠ 1, 𝐷 > 0 − 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 ℎ𝑦𝑝𝑒𝑟𝑏𝑜𝑙𝑖𝑐
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