
ANSWER on Question #78967 – Math – Calculus 

QUESTION 

Prove that 

∫
√cos𝑛 𝑥

√cos𝑛 𝑥 + √sin𝑛 𝑥
𝑑𝑥

𝜋
2

0

=
𝜋

4
,   ∀𝑛 ∈ ℕ 

 

SOLUTION 

We recall the property of a definite integral, the binomial and trigonometric formulas that we will need to solve 

this question 

𝑖𝑓 𝑓(𝑥) − 𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝑡ℎ𝑒𝑛 ∫ 𝑓(𝑥)𝑑𝑥 = 0

𝑎

−𝑎

 

( More information: https://en.wikipedia.org/wiki/Riemann_integral ) 

(𝑎 + 𝑏)2 = 𝑎2 + 2𝑎𝑏 + 𝑏2 

(𝑎 − 𝑏)(𝑎 + 𝑏) = 𝑎2 − 𝑏2 

( More information: https://en.wikipedia.org/wiki/Binomial_theorem ) 

tan 𝑥 =
sin 𝑥

cos 𝑥
→ tan(−𝑥) = − tan(𝑥) 

tan (𝑥 +
𝜋

4
) =

tan 𝑥 + 1

tan 𝑥 − 1
 

( More information: https://en.wikipedia.org/wiki/List_of_trigonometric_identities ) 

Then, 

1 STEP: We transform the integrand 

√cos𝑛 𝑥

√cos𝑛 𝑥 + √sin𝑛 𝑥
=

2√cos𝑛 𝑥

2 ⋅ (√cos𝑛 𝑥 + √sin𝑛 𝑥)
=

(√cos𝑛 𝑥 + √sin𝑛 𝑥) + (√cos𝑛 𝑥 − √sin𝑛 𝑥)

2 ⋅ (√cos𝑛 𝑥 + √sin𝑛 𝑥)
= 

=
(√cos𝑛 𝑥 + √sin𝑛 𝑥)

2 ⋅ (√cos𝑛 𝑥 + √sin𝑛 𝑥)
+

(√cos𝑛 𝑥 − √sin𝑛 𝑥)

2 ⋅ (√cos𝑛 𝑥 + √sin𝑛 𝑥)
=

1

2
+

(√cos𝑛 𝑥 − √sin𝑛 𝑥)

2 ⋅ (√cos𝑛 𝑥 + √sin𝑛 𝑥)
= 

=
1

2
+

1

2
⋅

√cos𝑛 𝑥 ⋅ (1 −
√sin𝑛 𝑥

√cos𝑛 𝑥
)

√cos𝑛 𝑥 ⋅ (1 +
√sin𝑛 𝑥

√cos𝑛 𝑥
)

=
1

2
+

1

2
⋅
1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
 

https://en.wikipedia.org/wiki/Riemann_integral
https://en.wikipedia.org/wiki/Binomial_theorem
https://en.wikipedia.org/wiki/List_of_trigonometric_identities


 

 

 

Conclusion, 

√cos𝑛 𝑥

√cos𝑛 𝑥 + √sin𝑛 𝑥
=

1

2
+

1

2
⋅
1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
 

2 STEP: Apply our transformed function 

∫
√cos𝑛 𝑥

√cos𝑛 𝑥 + √sin𝑛 𝑥
𝑑𝑥

𝜋
2

0

= ∫ (
1

2
+

1

2
⋅
1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

= ∫
1

2
𝑑𝑥

𝜋
2

0

+ ∫ (
1

2
⋅
1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

= 

=
𝑥

2
|
0

𝜋
2

+
1

2
⋅ ∫ (

1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

=
1

2
⋅ (

𝜋

2
− 0) +

1

2
⋅ ∫ (

1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

= 

=
𝜋

4
+

1

2
⋅ ∫ (

1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

 

Conclusion, 

∫
√cos𝑛 𝑥

√cos𝑛 𝑥 + √sin𝑛 𝑥
𝑑𝑥

𝜋
2

0

=
𝜋

4
+

1

2
⋅ ∫ (

1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

 

It remains to prove that 

∫ (
1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

≡ 0 

Then, 

∫ (
1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

=

[
 
 
 
 
 
 
 𝑥 −

𝜋

4
= 𝑡 → 𝑑𝑥 = 𝑑𝑡

𝑥 = 𝑡 +
𝜋

4

𝑥 =
𝜋

2
→ 𝑡 =

𝜋

4

𝑥 = 0 → 𝑡 = −
𝜋

4 ]
 
 
 
 
 
 
 

= ∫

(

 
1 − √tan𝑛 (𝑡 +

𝜋
4)

1 + √tan𝑛 (𝑡 +
𝜋
4)

)

 𝑑𝑡

𝜋
4

−
𝜋
4

 

 

 



 

 

 

3 STEP: We transform the integrand 

1 − √tan𝑛 (𝑡 +
𝜋
4)

1 + √tan𝑛 (𝑡 +
𝜋
4)

≡
1 − (

1 + tan 𝑡
1 − tan 𝑡)

𝑛
2

1 + (
1 + tan 𝑡
1 − tan 𝑡)

𝑛
2

=

(1 − tan 𝑡)
𝑛
2 − (1 + tan 𝑡)

𝑛
2

(1 − tan 𝑡)
𝑛
2

(1 − tan 𝑡)
𝑛
2 + (1 + tan 𝑡)

𝑛
2

(1 − tan 𝑡)
𝑛
2

= 

=
(1 − tan 𝑡)

𝑛
2 − (1 + tan 𝑡)

𝑛
2

(1 − tan 𝑡)
𝑛
2 + (1 + tan 𝑡)

𝑛
2

=
[(1 − tan 𝑡)

𝑛
2 − (1 + tan 𝑡)

𝑛
2] ⋅ [(1 − tan 𝑡)

𝑛
2 + (1 + tan 𝑡)

𝑛
2]

[(1 − tan 𝑡)
𝑛
2 + (1 + tan 𝑡)

𝑛
2] ⋅ [(1 − tan 𝑡)

𝑛
2 + (1 + tan 𝑡)

𝑛
2]

= 

=
((1 − tan 𝑡)

𝑛
2)

2

− ((1 + tan 𝑡)
𝑛
2)

2

((1 − tan 𝑡)
𝑛
2)

2

+ 2 ⋅ (1 − tan 𝑡)
𝑛
2 ⋅ (1 + tan 𝑡)

𝑛
2 + ((1 + tan 𝑡)

𝑛
2)

2 = 

=
(1 − tan 𝑡)𝑛 − (1 + tan 𝑡)𝑛

(1 − tan 𝑡)𝑛 + 2 ⋅ (1 − tan2 𝑡)
𝑛
2 + (1 + tan 𝑡)𝑛

 

Conclusion, 

1 − √tan𝑛 (𝑡 +
𝜋
4)

1 + √tan𝑛 (𝑡 +
𝜋
4)

=
(1 − tan 𝑡)𝑛 − (1 + tan 𝑡)𝑛

(1 − tan 𝑡)𝑛 + 2 ⋅ (1 − tan2 𝑡)
𝑛
2 + (1 + tan 𝑡)𝑛

 

Then, 

∫ (
1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

= ∫ (
(1 − tan 𝑡)𝑛 − (1 + tan 𝑡)𝑛

(1 − tan 𝑡)𝑛 + 2 ⋅ (1 − tan2 𝑡)
𝑛
2 + (1 + tan 𝑡)𝑛

)𝑑𝑡

𝜋
4

−
𝜋
4

= ∫ 𝑓𝑛(𝑡)𝑑𝑡

𝜋
4

−
𝜋
4

 

4 STEP: Let us prove that the function 𝑓𝑛(𝑡) is odd 

𝑓𝑛(𝑡) =
(1 − tan 𝑡)𝑛 − (1 + tan 𝑡)𝑛

(1 − tan 𝑡)𝑛 + 2 ⋅ (1 − tan2 𝑡)
𝑛
2 + (1 + tan 𝑡)𝑛

 

Then, 

𝑓𝑛(−𝑡) =
(1 − tan(−𝑡))𝑛 − (1 + tan(−𝑡))𝑛

(1 − tan(−𝑡))𝑛 + 2 ⋅ (1 − tan2(−𝑡))
𝑛
2 + (1 + tan(−𝑡))𝑛

= 

=
(1 + tan 𝑡)𝑛 − (1 − tan 𝑡)𝑛

(1 + tan 𝑡)𝑛 + 2 ⋅ (1 − tan2 𝑡)
𝑛
2 + (1 − tan 𝑡)𝑛

=
(−1) ⋅ ((1 − tan 𝑡)𝑛 − (1 + tan 𝑡)𝑛)

(1 + tan 𝑡)𝑛 + 2 ⋅ (1 − tan2 𝑡)
𝑛
2 + (1 − tan 𝑡)𝑛

= 



= (−1) ⋅ 𝑓𝑛(𝑡) 

Conclusion, 

𝑓𝑛(−𝑡) = (−1) ⋅ 𝑓𝑛(𝑡) → 𝑓𝑛(𝑡) − 𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

Then, 

∫ (
1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

= ∫ 𝑓𝑛(𝑡)𝑑𝑡

𝜋
4

−
𝜋
4

≡ 0,   ∀𝑛 ∈ ℕ  

General conclusion, 

∫
√cos𝑛 𝑥

√cos𝑛 𝑥 + √sin𝑛 𝑥
𝑑𝑥

𝜋
2

0

=
𝜋

4
+

1

2
⋅ ∫ (

1 − √tan𝑛 𝑥

1 + √tan𝑛 𝑥
)𝑑𝑥

𝜋
2

0

=
𝜋

4
+

1

2
⋅ 0 =

𝜋

4
→ 

∫
√cos𝑛 𝑥

√cos𝑛 𝑥 + √sin𝑛 𝑥
𝑑𝑥

𝜋
2

0

=
𝜋

4
,   ∀𝑛 ∈ ℕ  

Q.E.D. 
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