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Question 

 

 

𝑦′ + (cot 𝑥)𝑦 = 𝑥 csc 𝑥 , 𝑦 (
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2
) = 1  
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Solution 

We have a linear first order differential equation 
𝑑𝑦

𝑑𝑥
+ (cot 𝑥)𝑦 = 𝑥 csc 𝑥 

𝑃(𝑥) = cot 𝑥 , 𝑄(𝑥) = 𝑥 csc 𝑥 

Integrating factor 

𝐼𝐹 = 𝑒∫ 𝑃(𝑥)𝑑𝑥 = 𝑒∫ cot 𝑥𝑑𝑥 

Indefinite integral 

∫ cot 𝑥 𝑑𝑥 = ∫
cos 𝑥

sin 𝑥
𝑑𝑥 

Substitution 

𝑢 = sin 𝑥 , 𝑑𝑢 = cos 𝑥 𝑑𝑥 

∫ cot 𝑥 𝑑𝑥 = ∫
cos 𝑥

sin 𝑥
𝑑𝑥 = ∫

1

𝑢
𝑑𝑢 = ln |𝑢| + 𝐶1 = ln | sin 𝑥 | + 𝐶1 

𝐼𝐹 = 𝑒∫ 𝑃(𝑥)𝑑𝑥 = 𝑒∫ cot 𝑥𝑑𝑥 = 𝑒ln(sin 𝑥) = sin 𝑥 

 

sin 𝑥
𝑑𝑦

𝑑𝑥
+ sin 𝑥 (cot 𝑥)𝑦 = 𝑥 sin 𝑥 csc 𝑥 

𝑑

𝑑𝑥
(𝑦 sin 𝑥) = 𝑥 sin 𝑥 csc 𝑥 

𝑑

𝑑𝑥
(𝑦 sin 𝑥) = 𝑥 

Integrate 

𝑦 sin 𝑥 =
𝑥2

2
+ 𝐶 



𝑦 (
𝜋

2
) = 1 => 1 (sin

𝜋

2
) =

(
𝜋
2)

2

2
+ 𝐶 => 𝐶 = 1 −

𝜋2

8
 

𝑦 sin 𝑥 =
𝑥2

2
+ 1 −

𝜋2

8
 

𝑦 =
𝑥2

2 sin 𝑥
+

1 −
𝜋2

8
sin 𝑥

 

 

𝐀𝐧𝐬𝐰𝐞𝐫: 𝑦 =
𝑥2

2 sin 𝑥
+

1 −
𝜋2

8
sin 𝑥

 .  
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