ANSWER on Question #78896 — Math — Differential Equations

QUESTION

Obtain a solution of the wave equation

0%u(x,t) 16 0%u(x,t)
otz 0x?

for 0 < x < mandt > 0 and the following boundary and initial conditions:

{u(O, t)=0

u(mt) =0 boundary conditions

Ju(x,0) 0 initial conditions
ot

{u(x, 0) = x(m — x)

SOLUTION

0 STEP: separation of variables.

Let
D _ 2 (xeor®) = X dZ(T( ) _xw-1
w(ot) = X(OT(D) » 10t ot
’ azu(x,t) 62 (X 2( ( ) .
o (OT(®) =T(®) - = X"(x) - T()

Boundary conditions:

{u(O, )=0_ {u(O, £) = X(O)T() =0,vt >0 _ {X(O) =0
u(m,t) =0 u(m,t) = X(@)T() =0,vt >0 X(mt)=0

Then,

0%u(x, t 0%u(x, t
( )—16- (x,t)

atz Gez X T =16-X"(0) - T

16XCOT@)

XG)-T'(®)  16-X"()-T(®) [1 T'@) X' _
16XOT)  16X(0T@) |16 T _ X(x)




1 STEP: We solve the Sturm-Liouville problem.

( More information: https://en.wikipedia.org/wiki/Sturm%E2%80%93Liouville theory )

In our case,

Xll(x) B
JX(x) =4

X(0)=0
\ X(n) = 0
X”(X) . " _ " —
o5 = A= X"(x) = =2X(x) > X"(x) + 2X(x) =0

Let us find the solutions of the given equation in the form

X(x) =e® - X" (x) = k? - ek

Then,
X"(xX) +2AX(x) =0->k?-e™* + 2ef* =0 > k2 +1) =0->k?=-21
w2 | =V-A=iVa
k, = —V—21=—iVi
Then,
X(x) = eV 4 Ce~V7x = A, cos(VAx) + A, sin(Vix)
X(x) =4, cos(\ﬁx) + A4, sin(ﬁx)
X(0) = 0 = A, cos(VA- 0) + A, sin(vVA - 0) = A4; cos(0) + A, sin(0) = 4; - 1+ 4, -0 >
X(m)=0=A4, sin(ﬁn) - sin(ﬁn) =0->Vit=mn,n=123,..
A, =n%n=1.23,..

Conclusion,

X,(x) = A -sin(nx)
A, = n?
n=123..



https://en.wikipedia.org/wiki/Sturm%E2%80%93Liouville_theory

2 STEP: Finding the general solution.

1 T X' N ON

BTE S ¥ = M e T —n% 5 T"(t) = —16n2T(t) >

T"(t) + 16nT(t) =0
Let us find the solutions of the given equation in the form

T(t) — ekt N T”(t) — k2 . ekt

Then,
T"(t) + 16nT(t) = 0 - k? - et + 16n%e** = 0 » e**(k? + 16n?) = 0 > k? = —16n°
K2 = —16n? k, =+ —16n? = 4in
k, = —W = —4in
Then,
T,(x) = C,e*™ + C,e*"t = A, cos(4nt) + A, sin(4nt)
T,(x) = AS) cos(4nt) + A%l) sin(4nt)
Then,
u, (x,t) = X,,(x) - T,(t) = (A - sin(nx)) - (A,(Ql) cos(4nt) + A,(ll) sin(4nt)) -
u,(x,t) = (B,gl) cos(4nt) + B,(lz) sin(4nt)) sin(nx) — particular solution
Conclusion,

(o]

u(x,t) = z u,(x,t) — general solution

n=1

oo

u(x,t) = Z(B,gl) cos(4nt) + B,gz) sin(4nt)) sin(nx)

n=1




3 STEP: Determine the coefficients B,Sl) and B,SZ).
To do this, you must use the initial conditions.

ou(x,0)
0>
ot

S

(Z (B,gl) cos(4nt) + B,EZ) sin(4nt)) sin(nx)> =
t=0

n=1

= (Z(—4n3,§1) sin(4nt) + 4nB,(12) cos(4nt)) sin(nx)) =
n=

1 t=0

= Z(_4nBT(11) sin(4n - 0) + 4nBT(lZ) cos(4n - O)) sin(nx) =

n=1

= Z(—élnB,gl) -0+ 4nB,§2) . 1) sin(nx) = z 4nB,§2) sin(nx) =0

n=1 n=1

Then,

4nBP =0-|BP =0

Conclusion,

u(x,t) = z B,Sl) cos(4nt) sin(nx)
n=1




u(x,0) =x(mr—x) »

n=1 n=1

u(x,0) = (Z B,gl) cos(4nt) sin(nx)) = z B,(ll) cos(4n - 0) sin(nx) =
t=0

= z Br(ll) -1-sin(nx) - Z B,(ll) sin(nx) = x(m — x)
n=1 n=1
As we know

T T
f sin(mx) - sin(nx) dx = {E'n -m

4 Oon+m

In our case,

(0]

z B,(ll) sin(nx) = x(m — x)

n=1

Vs
]x X sin(mx) dx
0

T T

B,(nl) = f x(m — x) sin(mx) dx = j(nx — x?) sin(imx) dx -
0 0

T Vs
BW = jnx sin(mx) dx — j x?sin(mx)dx = I, — I
0 0



u=x-du=dx

s VA
dv = si d
I, = jnx sin(mx) dx = n-facJ-sin(mx) dx = v ilzc()zgrzx)x =
0 0 u dv vV==—
m
Jis VA
B x - cos(mx) — cos(mx) dx B
- m _f m B
0 o
(tm) [ 0-cos(m-0)\ 1 [
7 - cos(mm cos(m
=1 ———< —>+ fcos(mx)dx =
m m m
0
7-(-D™ 1 sin(mx)|" m-(=1)™ sin(m-m) sin(m-0)
=7 ——t—- =n-|- + — - — | =
m m m |, m m m

m

:n.<_ﬂ+0_o>:_”2'<_—1)m
m

Conclusion,

TL'Z . (_1)m
m

u=x%-du=2xdx

Y
I, = | x?-sin(mx) dx = dv =sin(mx)dx | _
— — cos(mx)
0 u dv v =—--
m

x? - cos(mx)

T T
J‘ —2x cos(mx) dx
— =

m
0 o

m

_ m? - cos(mm) < 02 - cos(m - 0)
m

s
2
)+—~fxcos(mx)dx=
m

0

u=x-du=dx

T[

( 1)m 2 dv = cos(mx) dx

= —- | x-cos(mx)dx = : =
m S sin(mx)
o U dv v =
m
2. (=)™ 2 [x-sin(mx)|" nsin(mx)
m m m m

0 0



Then,

B(l)

As we know

Conclusion,

- (-1)™ 2 (m-sin(mr) O0-sin(m-0) 1 ‘

fsin(mx) dx | =
m
0

m m m m
__meon 2 0_0_1.<_M”) _
m m m m 0
= (—1)m+_ (cos(mm) — cos(m - 0)) =
m
- DR 2 em )
m
I =— ¥+— (—D™ - 1)
m

m m

R CD —< R +— (= 1)’"—1)>

2. (=1 ym 2., (_1\ym

—2- (D" - D
B\ = —

) ) )=y Ey v
) ) )Ty Ry o

BW =0,m =2k k=1234,..
B = ok 1k =1234
m _m3)m_ ) — eIyt e

o)

u(x,t) = z B( )cos(4nt) sin(nx) = Z < 2- (= 1)n _ )> cos(4nt) sin(nx)

n=1 n=1

co

4
u(x,t) = Z (m) cos(4(2k — 1)t) Sil’l((Zk - 1)x)
k=1




ANSWER:

o

ulx, t) = z (ﬁ) cos(4(2k — 1)t) sin((2k — 1)x)

k=1

Answer provided by https://www.AssignmentExpert.com
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