
ANSWER on Question #78896 – Math – Differential Equations 

QUESTION 

Obtain a solution of the wave equation 

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
= 16 ⋅

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
 

for 0 ≤ 𝑥 ≤ 𝜋 and 𝑡 > 0 and the following boundary and initial conditions: 

{
𝑢(0, 𝑡) = 0
𝑢(𝜋, 𝑡) = 0

− 𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 

{

𝑢(𝑥, 0) = 𝑥(𝜋 − 𝑥)

𝜕𝑢(𝑥, 0)

𝜕𝑡
= 0

− 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 

SOLUTION 

0 STEP: separation of variables. 

Let 

𝑢(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡) →

{
 

 
𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
=
𝜕2

𝜕𝑡2
(𝑋(𝑥)𝑇(𝑡)) = 𝑋(𝑥) ⋅

𝑑2(𝑇(𝑡))

𝑑𝑡2
= 𝑋(𝑥) ⋅ 𝑇′′(𝑡)

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
=
𝜕2

𝜕𝑥2
(𝑋(𝑥)𝑇(𝑡)) = 𝑇(𝑡) ⋅

𝑑2(𝑋(𝑥))

𝑑𝑥2
= 𝑋′′(𝑥) ⋅ 𝑇(𝑡)

 

Boundary conditions: 

{
𝑢(0, 𝑡) = 0
𝑢(𝜋, 𝑡) = 0

→ {
𝑢(0, 𝑡) = 𝑋(0)𝑇(𝑡) = 0, ∀𝑡 > 0
𝑢(𝜋, 𝑡) = 𝑋(𝜋)𝑇(𝑡) = 0, ∀𝑡 > 0

→ {
𝑋(0) = 0
𝑋(𝜋) = 0

 

Then, 

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
= 16 ⋅

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
→ 𝑋(𝑥) ⋅ 𝑇′′(𝑡) = 16 ⋅ 𝑋′′(𝑥) ⋅ 𝑇(𝑡)| ×

1

16𝑋(𝑥)𝑇(𝑡)
→ 

𝑋(𝑥) ⋅ 𝑇′′(𝑡)

16𝑋(𝑥)𝑇(𝑡)
 =
16 ⋅ 𝑋′′(𝑥) ⋅ 𝑇(𝑡)

16𝑋(𝑥)𝑇(𝑡)
→

1

16
⋅
𝑇′′(𝑡)

𝑇(𝑡)
 =
𝑋′′(𝑥)

𝑋(𝑥)
= −𝜆  

 

 

 



1 STEP: We solve the Sturm-Liouville problem. 

( More information: https://en.wikipedia.org/wiki/Sturm%E2%80%93Liouville_theory ) 

In our case, 

{
 

 
𝑋′′(𝑥)

𝑋(𝑥)
= −𝜆

𝑋(0) = 0
𝑋(𝜋) = 0

 

𝑋′′(𝑥)

𝑋(𝑥)
= −𝜆 → 𝑋′′(𝑥) = −𝜆𝑋(𝑥) → 𝑋′′(𝑥) + 𝜆𝑋(𝑥) = 0 

Let us find the solutions of the given equation in the form 

𝑋(𝑥) = 𝑒𝑘𝑥 → 𝑋′′(𝑥) = 𝑘2 ⋅ 𝑒𝑘𝑥 

Then, 

𝑋′′(𝑥) + 𝜆𝑋(𝑥) = 0 → 𝑘2 ⋅ 𝑒𝑘𝑥 + 𝜆𝑒𝑘𝑥 = 0 → 𝑒𝑘𝑥(𝑘2 + 𝜆) = 0 → 𝑘2 = −𝜆  

𝑘2 = −𝜆 → [
𝑘1 = √−𝜆 = 𝑖√𝜆

𝑘2 = −√−𝜆 = −𝑖√𝜆
 

Then, 

𝑋(𝑥) = 𝐶1𝑒
𝑖√𝜆𝑥 + 𝐶2𝑒

−𝑖√𝜆𝑥 ≡ 𝐴1 cos(√𝜆𝑥) + 𝐴2 sin(√𝜆𝑥) 

𝑋(𝑥) = 𝐴1 cos(√𝜆𝑥) + 𝐴2 sin(√𝜆𝑥)  

𝑋(0) = 0 = 𝐴1 cos(√𝜆 ⋅ 0) + 𝐴2 sin(√𝜆 ⋅ 0) = 𝐴1 cos(0) + 𝐴2 sin(0) = 𝐴1 ⋅ 1 + 𝐴2 ⋅ 0 → 

𝐴1 = 0  

𝑋(𝜋) = 0 = 𝐴2 sin(√𝜆𝜋) → sin(√𝜆𝜋) = 0 → √𝜆𝜋 = 𝜋𝑛, 𝑛 = 1,2,3, … 

𝜆𝑛 = 𝑛
2, 𝑛 = 1,2,3, …  

Conclusion, 

{
𝑋𝑛(𝑥) = 𝐴 ⋅ sin(𝑛𝑥)

𝜆𝑛 = 𝑛
2

𝑛 = 1,2,3, …

 

https://en.wikipedia.org/wiki/Sturm%E2%80%93Liouville_theory


2 STEP: Finding the general solution. 

1

16
⋅
𝑇′′(𝑡)

𝑇(𝑡)
 =
𝑋′′(𝑥)

𝑋(𝑥)
= −𝜆𝑛 →

1

16
⋅
𝑇′′(𝑡)

𝑇(𝑡)
= −𝑛2 → 𝑇′′(𝑡) = −16𝑛2𝑇(𝑡) → 

𝑇′′(𝑡) + 16𝑛2𝑇(𝑡) = 0 

Let us find the solutions of the given equation in the form 

𝑇(𝑡) = 𝑒𝑘𝑡 → 𝑇′′(𝑡) = 𝑘2 ⋅ 𝑒𝑘𝑡 

Then, 

𝑇′′(𝑡) + 16𝑛2𝑇(𝑡) = 0 → 𝑘2 ⋅ 𝑒𝑘𝑡 + 16𝑛2𝑒𝑘𝑡 = 0 → 𝑒𝑘𝑡(𝑘2 + 16𝑛2) = 0 → 𝑘2 = −16𝑛2 

𝑘2 = −16𝑛2 → [
𝑘1 = √−16𝑛2 = 4𝑖𝑛

𝑘2 = −√−16𝑛2 = −4𝑖𝑛
 

Then, 

𝑇𝑛(𝑥) = 𝐶1𝑒
4𝑖𝑛𝑡 + 𝐶2𝑒

−4𝑖𝑛𝑡 ≡ 𝐴1 cos(4𝑛𝑡) + 𝐴2 sin(4𝑛𝑡) 

𝑇𝑛(𝑥) = 𝐴𝑛
(1) cos(4𝑛𝑡) + 𝐴𝑛

(1) sin(4𝑛𝑡)  

Then, 

𝑢𝑛(𝑥, 𝑡) = 𝑋𝑛(𝑥) ⋅ 𝑇𝑛(𝑡) = (𝐴 ⋅ sin(𝑛𝑥)) ⋅ (𝐴𝑛
(1) cos(4𝑛𝑡) + 𝐴𝑛

(1) sin(4𝑛𝑡)) → 

𝑢𝑛(𝑥, 𝑡) = (𝐵𝑛
(1) cos(4𝑛𝑡) + 𝐵𝑛

(2) sin(4𝑛𝑡)) sin(𝑛𝑥) − 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛  

Conclusion, 

𝑢(𝑥, 𝑡) = ∑𝑢𝑛(𝑥, 𝑡)

∞

𝑛=1

− 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

𝑢(𝑥, 𝑡) = ∑(𝐵𝑛
(1) cos(4𝑛𝑡) + 𝐵𝑛

(2) sin(4𝑛𝑡)) sin(𝑛𝑥)

∞

𝑛=1

 

 

 

 



3 STEP: Determine the coefficients 𝐵𝑛
(1) and 𝐵𝑛

(2). 

To do this, you must use the initial conditions. 

𝜕𝑢(𝑥, 0)

𝜕𝑡
= 0 → 

𝜕

𝜕𝑡
(∑(𝐵𝑛

(1) cos(4𝑛𝑡) + 𝐵𝑛
(2) sin(4𝑛𝑡)) sin(𝑛𝑥)

∞

𝑛=1

)

𝑡=0

= 

= (∑(−4𝑛𝐵𝑛
(1) sin(4𝑛𝑡) + 4𝑛𝐵𝑛

(2) cos(4𝑛𝑡)) sin(𝑛𝑥)

∞

𝑛=1

)

𝑡=0

= 

=∑(−4𝑛𝐵𝑛
(1) sin(4𝑛 ⋅ 0) + 4𝑛𝐵𝑛

(2) cos(4𝑛 ⋅ 0)) sin(𝑛𝑥)

∞

𝑛=1

= 

=∑(−4𝑛𝐵𝑛
(1) ⋅ 0 + 4𝑛𝐵𝑛

(2) ⋅ 1) sin(𝑛𝑥)

∞

𝑛=1

= ∑4𝑛𝐵𝑛
(2) sin(𝑛𝑥)

∞

𝑛=1

= 0 

Then, 

4𝑛𝐵𝑛
(2) = 0 → 𝐵𝑛

(2) = 0  

Conclusion, 

𝑢(𝑥, 𝑡) = ∑𝐵𝑛
(1) cos(4𝑛𝑡) sin(𝑛𝑥)

∞

𝑛=1

 

 

 

 

 

 

 

 

 



𝑢(𝑥, 0) = 𝑥(𝜋 − 𝑥) → 

𝑢(𝑥, 0) = (∑𝐵𝑛
(1) cos(4𝑛𝑡) sin(𝑛𝑥)

∞

𝑛=1

)

𝑡=0

= ∑𝐵𝑛
(1) cos(4𝑛 ⋅ 0) sin(𝑛𝑥)

∞

𝑛=1

= 

= ∑𝐵𝑛
(1) ⋅ 1 ⋅ sin(𝑛𝑥)

∞

𝑛=1

→∑𝐵𝑛
(1) sin(𝑛𝑥)

∞

𝑛=1

= 𝑥(𝜋 − 𝑥) 

As we know 

∫ sin(𝑚𝑥) ⋅ sin(𝑛𝑥) 𝑑𝑥

𝜋

0

= {

𝜋

2
, 𝑛 = 𝑚

0, 𝑛 ≠ 𝑚
 

In our case, 

∫×

𝜋

0

|∑𝐵𝑛
(1) sin(𝑛𝑥)

∞

𝑛=1

= 𝑥(𝜋 − 𝑥)| × sin(𝑚𝑥) 𝑑𝑥 

𝐵𝑚
(1) = ∫𝑥(𝜋 − 𝑥) sin(𝑚𝑥) 𝑑𝑥

𝜋

0

= ∫(𝜋𝑥 − 𝑥2) sin(𝑚𝑥) 𝑑𝑥

𝜋

0

→ 

𝐵𝑚
(1) = ∫𝜋𝑥 sin(𝑚𝑥) 𝑑𝑥

𝜋

0

−∫𝑥2 sin(𝑚𝑥)𝑑𝑥

𝜋

0

= 𝐼1 − 𝐼2 

 

 

 

 

 

 

 

 



𝐼1 = ∫𝜋𝑥 sin(𝑚𝑥) 𝑑𝑥

𝜋

0

= 𝜋 ⋅ ∫ 𝑥⏟
𝑢

⋅ sin(𝑚𝑥)𝑑𝑥⏟      
𝑑𝑣

𝜋

0

= [

𝑢 = 𝑥 → 𝑑𝑢 = 𝑑𝑥
𝑑𝑣 = sin(𝑚𝑥) 𝑑𝑥

𝑣 =
−cos(𝑚𝑥)

𝑚

] = 

= 𝜋 ⋅ (−
𝑥 ⋅ cos(𝑚𝑥)

𝑚
|
0

𝜋

−∫
−cos(𝑚𝑥)𝑑𝑥

𝑚

𝜋

0

) = 

= 𝜋 ⋅ (−
𝜋 ⋅ cos(𝜋𝑚)

𝑚
− (−

0 ⋅ cos(𝑚 ⋅ 0)

𝑚
) +

1

𝑚
∫ cos(𝑚𝑥) 𝑑𝑥

𝜋

0

) = 

= 𝜋 ⋅ (−
𝜋 ⋅ (−1)𝑚

𝑚
+
1

𝑚
⋅
sin(𝑚𝑥)

𝑚
|
0

𝜋

) = 𝜋 ⋅ (−
𝜋 ⋅ (−1)𝑚

𝑚
+
sin(𝑚 ⋅ 𝜋)

𝑚2
−
sin(𝑚 ⋅ 0)

𝑚2
) = 

= 𝜋 ⋅ (−
𝜋 ⋅ (−1)𝑚

𝑚
+ 0 − 0) = −

𝜋2 ⋅ (−1)𝑚

𝑚
 

Conclusion, 

𝐼1 = −
𝜋2 ⋅ (−1)𝑚

𝑚
 

𝐼2 = ∫𝑥
2⏟
𝑢

⋅ sin(𝑚𝑥) 𝑑𝑥⏟      
𝑑𝑣

𝜋

0

= [

𝑢 = 𝑥2 → 𝑑𝑢 = 2𝑥𝑑𝑥
𝑑𝑣 = sin(𝑚𝑥) 𝑑𝑥

𝑣 =
− cos(𝑚𝑥)

𝑚

] = 

= −
𝑥2 ⋅ cos(𝑚𝑥)

𝑚
|
0

𝜋

−∫
−2𝑥 cos(𝑚𝑥) 𝑑𝑥

𝑚

𝜋

0

= 

= −
𝜋2 ⋅ cos(𝑚𝜋)

𝑚
− (−

02 ⋅ cos(𝑚 ⋅ 0)

𝑚
) +

2

𝑚
⋅ ∫ 𝑥 cos(𝑚𝑥) 𝑑𝑥

𝜋

0

= 

= −
𝜋2 ⋅ (−1)𝑚

𝑚
+
2

𝑚
⋅ ∫ 𝑥⏟

𝑢

⋅ cos(𝑚𝑥) 𝑑𝑥⏟        
𝑑𝑣

𝜋

0

= [

𝑢 = 𝑥 → 𝑑𝑢 = 𝑑𝑥
𝑑𝑣 = cos(𝑚𝑥) 𝑑𝑥

𝑣 =
sin(𝑚𝑥)

𝑚

] = 

= −
𝜋2 ⋅ (−1)𝑚

𝑚
+
2

𝑚
⋅ (
𝑥 ⋅ sin(𝑚𝑥)

𝑚
|
0

𝜋

−∫
sin(𝑚𝑥)

𝑚
𝑑𝑥

𝜋

0

) = 



= −
𝜋2 ⋅ (−1)𝑚

𝑚
+
2

𝑚
⋅ (
𝜋 ⋅ sin(𝑚𝜋)

𝑚
−
0 ⋅ sin(𝑚 ⋅ 0)

𝑚
−
1

𝑚
∫ sin(𝑚𝑥) 𝑑𝑥

𝜋

0

) = 

= −
𝜋2 ⋅ (−1)𝑚

𝑚
+
2

𝑚
⋅ (0 − 0 −

1

𝑚
⋅ (−

cos(𝑚𝑥)

𝑚
|
0

𝜋

)) = 

= −
𝜋2 ⋅ (−1)𝑚

𝑚
+
2

𝑚3
⋅ (cos(𝑚𝜋) − cos(𝑚 ⋅ 0)) = 

= −
𝜋2 ⋅ (−1)𝑚

𝑚
+
2

𝑚3
⋅ ((−1)𝑚 − 1) 

𝐼2 = −
𝜋2 ⋅ (−1)𝑚

𝑚
+
2

𝑚3
⋅ ((−1)𝑚 − 1)  

Then, 

𝐵𝑚
(1) = 𝐼1 − 𝐼2 = −

𝜋2 ⋅ (−1)𝑚

𝑚
− (−

𝜋2 ⋅ (−1)𝑚

𝑚
+
2

𝑚3
⋅ ((−1)𝑚 − 1)) → 

𝐵𝑚
(1) = −

𝜋2 ⋅ (−1)𝑚

𝑚
+
𝜋2 ⋅ (−1)𝑚

𝑚
−
2

𝑚3
⋅ ((−1)𝑚 − 1) → 

𝐵𝑚
(1) =

−2 ⋅ ((−1)𝑚 − 1)

𝑚3
 

As we know 

{
(−1)𝑚 − 1 = 0,𝑚 = 2𝑘, 𝑘 = 1,2,3,4,…

(−1)𝑚 − 1 = −2,𝑚 = 2𝑘 − 1, 𝑘 = 1,2,3,4, …
→ 

{
𝐵𝑚
(1) = 0,𝑚 = 2𝑘, 𝑘 = 1,2,3,4, …

𝐵𝑚
(1) =

4

𝑚3
, 𝑚 = 2𝑘 − 1, 𝑘 = 1,2,3,4,…

 

Conclusion, 

𝑢(𝑥, 𝑡) = ∑𝐵𝑛
(1) cos(4𝑛𝑡) sin(𝑛𝑥)

∞

𝑛=1

= ∑(
−2 ⋅ ((−1)𝑛 − 1)

𝑛3
) cos(4𝑛𝑡) sin(𝑛𝑥)

∞

𝑛=1

 

𝑢(𝑥, 𝑡) = ∑(
4

(2𝑘 − 1)3
) cos(4(2𝑘 − 1)𝑡) sin((2𝑘 − 1)𝑥)

∞

𝑘=1

 



ANSWER: 

𝑢(𝑥, 𝑡) = ∑(
4

(2𝑘 − 1)3
) cos(4(2𝑘 − 1)𝑡) sin((2𝑘 − 1)𝑥)

∞

𝑘=1
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