
Answer on Question #76448, Math / Calculus 

Let the function 𝑓: 𝑅2 → 𝑅 is defined as follow 

𝑓(𝑥, 𝑦) = {

𝑥𝑦(𝑥2 − 𝑦2)

𝑥2 + 𝑦2
,          𝑖𝑓 (𝑥, 𝑦) ≠ (0, 0)  

0,                           (𝑥, 𝑦) = (0, 0)       

 

Then show that 

1)   𝑓𝑥(0, 𝑦) = −𝑦   for all 𝑦 

Solution 

(𝑥, 𝑦) ≠ (0, 0)   
𝜕𝑓

𝜕𝑥
=

𝜕

𝜕𝑥
(

𝑥3𝑦 − 𝑥𝑦3

𝑥2 + 𝑦2
) =

(3𝑥2𝑦 − 𝑦3)(𝑥2 + 𝑦2) − 2𝑥(𝑥3𝑦 − 𝑥𝑦3)

(𝑥2 + 𝑦2)2
= 

=
3𝑥4𝑦 − 𝑥2𝑦3 + 3𝑥2𝑦3 − 𝑦5 − 2𝑥4𝑦 + 2𝑥2𝑦3

(𝑥2 + 𝑦2)2
= 

=
𝑥4𝑦 + 4𝑥2𝑦3 − 𝑦5

(𝑥2 + 𝑦2)2
 

 𝑓𝑥(0, 𝑦) =
0 + 0 − 𝑦5

(0 + 𝑦2)2
= −𝑦 

 
(𝑥, 𝑦) = (0, 0) 

 𝑓𝑥(0,0) =
𝜕

𝜕𝑥
(𝑓(0, 0)) = lim

ℎ→0

𝑓(0 + ℎ, 0) − 𝑓(0, 0)

ℎ
= lim

ℎ→0

0 − 0

ℎ
= 0 

Therefore,  

 𝑓𝑥(0, 𝑦) = −𝑦   for all 𝑦 

 

 

2)   𝑓𝑦(𝑥, 0) = 𝑥 for all 𝑥 

Solution 

(𝑥, 𝑦) ≠ (0, 0)   
𝜕𝑓

𝜕𝑦
=

𝜕

𝜕𝑦
(

𝑥3𝑦 − 𝑥𝑦3

𝑥2 + 𝑦2
) =

(𝑥3 − 3𝑥𝑦2)(𝑥2 + 𝑦2) − 2𝑦(𝑥3𝑦 − 𝑥𝑦3)

(𝑥2 + 𝑦2)2
= 

=
𝑥5 + 𝑥3𝑦2 − 3𝑥3𝑦2 − 3𝑥𝑦4 − 2𝑥3𝑦2 + 2𝑥𝑦4

(𝑥2 + 𝑦2)2
= 

=
𝑥5 − 4𝑥3𝑦2 − 𝑥𝑦4

(𝑥2 + 𝑦2)2
 

 𝑓𝑦(𝑥, 0) =
𝑥5 − 0 − 0

(𝑥2 + 0)2
= 𝑥 

 
(𝑥, 𝑦) = (0, 0) 

 𝑓𝑦(0,0) =
𝜕

𝜕𝑥
(𝑓(0, 0)) = lim

ℎ→0

𝑓(0, 0 + ℎ) − 𝑓(0, 0)

ℎ
= lim

ℎ→0

0 − 0

ℎ
= 0 

Therefore,  

 𝑓𝑦(𝑥, 0) = 𝑥   for all 𝑥 



3)  So that  𝑓𝑥𝑦(0,0) ≠  𝑓𝑦𝑥(0,0) 

Solution 

 𝑓𝑥𝑦(0,0) = lim
𝑢→0

𝑓𝑥(0, 0 + 𝑢) − 𝑓𝑥(0, 0)

𝑢
= lim

𝑢→0

−𝑢 − 0

𝑢
= −1 

 

 𝑓𝑦𝑥(0,0) = lim
𝑢→0

𝑓𝑦(0 + 𝑢, 0) − 𝑓𝑦(0, 0)

𝑢
= lim

𝑢→0

𝑢 − 0

𝑢
= 1 

 

So that  𝑓𝑥𝑦(0,0) ≠  𝑓𝑦𝑥(0,0) 
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