Answer on Question #76002 — Math — Differential Equations

Question

Obtain a solution of the wave equation
072u(x,t)/0t"r2=16(0"2u(x,t)/0x"2)

for 0< x <mandt >0 and the following boundary and initial conditions:
u(0,t)=u(m,t)=0,

u(x,0)=x(m-x) and du(x,0)/dt=0

Solution

We consider a one-dimensional homogeneous wave equation on the interval [0, rt]:

0%u(x, t) _ 2 0%u(x,t)

at? 9x? c=4
boundary conditions:
u(0,t) =u(m,t) =0
and initial conditions:
Ju(x, 0
u(x,0) = x(m—x), ( )=O

at
Equation can be solved exactly by d'Alembert's formula, using a Fourier transform method,
or via separation of variables:

[0e]

u(x, t) = Z sin (anx> [ak cos (Can t) + By sin (Can t)] ={l=mc=4}

k=1

[0e]

_ Z sin(kx) [, cos(4kt) + By sin(4kt)]

k=1

with:

2 j‘lau(x,O) _ (kn )d _{au(x,O)_O}_o
Pe=G | "o ST = T YT

22 (Mo 0y sin (T2 dx = (1 = 7w and u(x,0) =
ak—TJ;)u(x, )sm(Tx> x={l=m and u(x,0) = x(mr —x)}

= 2 Jnx(ﬂ —x) sin(kx) dx
T Jo

2 s T
=— in(kx) dx — 2 sin(kx) d
<Tl’ fo x sin(kx) dx J x“ sin(kx) x)

n 0

Calculate fonx sin(kx) dx:



V3
f X sin(kx)dxz{fvduzvu—fudv letv=x and du=sin(kx)dx}
0

k

—-X 1
= Tcos(kx) |5 + fo 2 — sin(kx) |§
_sin(wk) — mk cos(mk)

kZ

Calculate fonxz sin(kx) dx:

f x? sin(kx) dx ={fvdu= vu—fudv letv =x? and du = sin(kx)dx}
0
2

—X 2 ("
= ——cos(kx) |§ + —f x cos(kx) dx
k kJ,

={fvdu=vu—fudv letv=x and du=cos(kx)dx}

= 7 s[5 + 2 (X sinCie) 13 [
—kcosx|0kksmx|0 . " x

2 x? 2x
“\e % cos(kx) |§ +— 2 sin(kx) |5

2 — (mk)?

2 2m
3 cos(mk) — = + —sm(nk)

k3 k3
2 sm(nk)
p- <—7Tk 3 k3 (1 - cos(nk)))
2 <—7Tk sin(k) + 4 (sin(wk/2)) )

o k3

2 (nk sin(rk) — mk cos(mk) _ [2 — (mk)? cos (k) — 1 N 2—sm(nk)l>

= {sin(mk) =0 and (sin(mk/2))*=1 for k=1,2..} = _—

and

o o

u(x, t) = Z ay cos(4kt) sin(kx) = Z : 8k3

k=1 k=1

cos(4kt) sin(kx)

Answer: u(x,t) = Yp-q % cos(4kt) sin(kx)
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