
Answer on Question #76002 – Math – Differential Equations 

Question 

Obtain a solution of the wave equation 

∂^2u(x,t)/∂t^2=16(∂^2u(x,t)/∂x^2) 

for 0≤ x ≤ π and t > 0 and the following boundary and initial conditions: 

u(0,t)=u(π,t)=0, 

u(x,0)=x(π-x) and ∂u(x,0)/∂t=0 

Solution 

We consider a one-dimensional homogeneous wave equation on the interval [0, π]: 

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑡2
= 𝑐2

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥2
 , 𝑐 = 4 

boundary conditions: 

𝑢(0, 𝑡) = 𝑢(𝜋, 𝑡) = 0 

and initial conditions: 

𝑢(𝑥, 0) = 𝑥(𝜋 − 𝑥) ,    
𝜕𝑢(𝑥, 0)

𝜕𝑡
= 0 

Equation can be solved exactly by d'Alembert's formula, using a Fourier transform method, 

or via separation of variables: 

𝑢(𝑥, 𝑡) = ∑ sin (
𝑘𝜋

𝑙
𝑥)

∞

𝑘=1

[𝛼𝑘 cos (
𝑐𝑘𝜋

𝑙
𝑡) + 𝛽𝑘 sin (

𝑐𝑘𝜋

𝑙
𝑡)] = {𝑙 = 𝜋, 𝑐 = 4}

= ∑ sin(𝑘𝑥)

∞

𝑘=1

[𝛼𝑘 cos(4𝑘𝑡) + 𝛽𝑘 sin(4𝑘𝑡)] 

with: 

𝛽𝑘 =
2

𝑐𝑘𝜋
 ∫

𝜕𝑢(𝑥, 0)

𝜕𝑡
 sin (

𝑘𝜋

𝑙
𝑥)

𝑙

0

𝑑𝑥 = {
𝜕𝑢(𝑥, 0)

𝜕𝑡
= 0} = 0 

𝛼𝑘 =
2

𝑙
 ∫ 𝑢(𝑥, 0) sin (

𝑘𝜋

𝑙
𝑥)

𝑙

0

𝑑𝑥 = {𝑙 = 𝜋  𝑎𝑛𝑑  𝑢(𝑥, 0) = 𝑥(𝜋 − 𝑥)}

=
2

𝜋
 ∫ 𝑥(𝜋 − 𝑥) sin(𝑘𝑥)

𝜋

0

𝑑𝑥

=
2

𝜋
(𝜋 ∫ 𝑥 sin(𝑘𝑥)

𝜋

0

𝑑𝑥 −  ∫ 𝑥2  sin(𝑘𝑥)
𝜋

0

𝑑𝑥) 

Calculate  ∫ 𝑥 sin(𝑘𝑥)
𝜋

0
𝑑𝑥: 

 



∫ 𝑥 sin(𝑘𝑥)
𝜋

0

𝑑𝑥 = {∫ 𝑣 𝑑𝑢 = 𝑣 𝑢 − ∫ 𝑢 𝑑𝑣   𝑙𝑒𝑡 𝑣 = 𝑥  𝑎𝑛𝑑  𝑑𝑢 = sin(𝑘𝑥) 𝑑𝑥}

=
−𝑥

𝑘
cos(𝑘𝑥) |0

𝜋 + ∫
cos(𝑘𝑥)

𝑘

𝜋

0

𝑑𝑥 =
−𝑥

𝑘
cos(𝑘𝑥) |0

𝜋 +
1

𝑘2
sin(𝑘𝑥) |0

𝜋

=
sin(𝜋𝑘) − 𝜋𝑘 cos (𝜋𝑘)

𝑘2
 

Calculate  ∫ 𝑥2  sin(𝑘𝑥)
𝜋

0
𝑑𝑥: 

∫ 𝑥2  sin(𝑘𝑥)
𝜋

0

𝑑𝑥 = {∫ 𝑣 𝑑𝑢 = 𝑣 𝑢 − ∫ 𝑢 𝑑𝑣   𝑙𝑒𝑡 𝑣 = 𝑥2  𝑎𝑛𝑑  𝑑𝑢 = sin(𝑘𝑥) 𝑑𝑥}

=
−𝑥2

𝑘
cos(𝑘𝑥) |0

𝜋 +
2

𝑘
∫ 𝑥 cos(𝑘𝑥)

𝜋

0

𝑑𝑥

= {∫ 𝑣 𝑑𝑢 = 𝑣 𝑢 − ∫ 𝑢 𝑑𝑣   𝑙𝑒𝑡 𝑣 = 𝑥  𝑎𝑛𝑑  𝑑𝑢 = cos(𝑘𝑥) 𝑑𝑥}

=
−𝑥2

𝑘
cos(𝑘𝑥) |0

𝜋 +
2

𝑘
(

𝑥

𝑘
sin(𝑘𝑥) |0

𝜋 − ∫
sin(𝑘𝑥)

𝑘

𝜋

0

𝑑𝑥)

= (
2

𝑘3
−

𝑥2

𝑘
) cos(𝑘𝑥) |0

𝜋 +
2𝑥

𝑘2
sin(𝑘𝑥) |0

𝜋

=
2 − (𝜋𝑘)2

𝑘3
cos(𝜋𝑘) −

2

𝑘3
+

2𝜋

𝑘2
sin (𝜋𝑘) 

Then 

𝛼𝑘 =
2

𝜋
(𝜋𝑘

sin(𝜋𝑘) − 𝜋𝑘 cos (𝜋𝑘)

𝑘3
− [

2 − (𝜋𝑘)2

𝑘3
cos(𝜋𝑘) −

2

𝑘3
+

2𝜋𝑘

𝑘3
sin(𝜋𝑘)])

=
2

𝜋
(−𝜋𝑘

sin(𝜋𝑘)

𝑘3
+

2

𝑘3
(1 − cos (𝜋𝑘)))

=
2

𝜋
(

−𝜋𝑘 sin(𝜋𝑘) + 4 (sin (𝜋𝑘/2))2

𝑘3
)

= {sin(𝜋𝑘) = 0   𝑎𝑛𝑑   (sin (𝜋𝑘/2))2 = 1  𝑓𝑜𝑟  𝑘 = 1,2 … } =
8

𝜋 ∙ 𝑘3
 

and 

𝑢(𝑥, 𝑡) = ∑ 𝛼𝑘 cos(4𝑘𝑡) sin(𝑘𝑥)

∞

𝑘=1

= ∑
8

𝜋 ∙ 𝑘3
cos(4𝑘𝑡) sin(𝑘𝑥)

∞

𝑘=1

 

 

Answer: 𝑢(𝑥, 𝑡) = ∑
8

𝜋∙𝑘3
cos(4𝑘𝑡) sin(𝑘𝑥)∞

𝑘=1  
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