
Answer on Question #75451, Math / Algebra  

Let 𝑥𝑖 belongs to 𝑅 such that 0 < 𝑥1 ≤ 𝑥2 ≤ ⋯ ≤ 𝑥𝑛, 𝑛 ≥ 2 and 
1

1 + 𝑥1
+

1

1 + 𝑥2
+ ⋯ +

1

1 + 𝑥𝑛
= 1. 

Then show that 

√𝑥1 + √𝑥2 + ⋯ + √𝑥𝑛 ≥ (𝑛 − 1) (
1

√𝑥1

+
1

√𝑥2

+ ⋯ +
1

√𝑥𝑛

) 

Solution 

Let 𝑎𝑖 =
1

1 + 𝑥𝑖
 , for 𝑖 = 1, 2, … , 𝑛. 

1 + 𝑥𝑖 =
1

𝑎𝑖
 ,   𝑥𝑖 =

1 − 𝑎𝑖

𝑎𝑖
 

Then ∑ 𝑎𝑖

𝑛

𝑖=1

= 1 and the given inequality becomes 

∑ √
1 − 𝑎𝑖

𝑎𝑖

𝑛

𝑖=1

≥ (𝑛 − 1) ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

<=> 

<=> ∑ √
1 − 𝑎𝑖

𝑎𝑖

𝑛

𝑖=1

+ ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

≥ 𝑛 ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

 

√
1 − 𝑎𝑖

𝑎𝑖
+ √

𝑎𝑖

1 − 𝑎𝑖
= √

1

𝑎𝑖(1 − 𝑎𝑖)
(1 − 𝑎𝑖 + 𝑎𝑖) = √

1

𝑎𝑖(1 − 𝑎𝑖)
 

Hence 

∑ √
1 − 𝑎𝑖

𝑎𝑖

𝑛

𝑖=1

≥ (𝑛 − 1) ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

<=> 

<=> ∑ √
1 − 𝑎𝑖

𝑎𝑖

𝑛

𝑖=1

+ ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

≥ 𝑛 ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

<=> 

<=> ∑ √
1

𝑎𝑖(1 − 𝑎𝑖)

𝑛

𝑖=1

≥ 𝑛 ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

<=> 

<=> 1 ∙ (∑ √
1

𝑎𝑖(1 − 𝑎𝑖)

𝑛

𝑖=1

) ≥ 𝑛 ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

<=> 

<=> (∑ 𝑎𝑖

𝑛

𝑖=1

) ∙ (∑ √
1

𝑎𝑖(1 − 𝑎𝑖)

𝑛

𝑖=1

) ≥ 𝑛 ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

 

 

 



Apply the Chebyshev’s inequality to the sequences 

(𝑎1, 𝑎2, … , 𝑎𝑛)  and   (√
1

𝑎1(1 − 𝑎1)
 , √

1

𝑎2(1 − 𝑎2)
 , … , √

1

𝑎𝑛(1 − 𝑎𝑛)
) 

If 𝑎1 ≥ 𝑎2 ≥ ⋯ ≥ 𝑎𝑛,   𝑎𝑖 < 1 , for 𝑖 = 1, 2, … , 𝑛, then 

√
1

𝑎1(1 − 𝑎1)
≤ √

1

𝑎2(1 − 𝑎2)
≤ ⋯ ≤ √

1

𝑎𝑛(1 − 𝑎𝑛)
 

Therefore, 

(∑ 𝑎𝑖

𝑛

𝑖=1

) ∙ (∑ √
1

𝑎𝑖(1 − 𝑎𝑖)

𝑛

𝑖=1

) ≥ 𝑛 ∑(𝑎𝑖) (√
1

𝑎𝑖(1 − 𝑎𝑖)
)

𝑛

𝑖=1

<=> 

<=> (∑ 𝑎𝑖

𝑛

𝑖=1

) ∙ (∑ √
1

𝑎𝑖(1 − 𝑎𝑖)

𝑛

𝑖=1

) ≥ 𝑛 ∑ (√
𝑎𝑖

2

𝑎𝑖(1 − 𝑎𝑖)
)

𝑛

𝑖=1

<=> 

<=> (∑ 𝑎𝑖

𝑛

𝑖=1

) ∙ (∑ √
1

𝑎𝑖(1 − 𝑎𝑖)

𝑛

𝑖=1

) ≥ 𝑛 ∑ (√
𝑎𝑖

1 − 𝑎𝑖
)

𝑛

𝑖=1

, True 

 

Therefore, 

∑ √
1 − 𝑎𝑖

𝑎𝑖

𝑛

𝑖=1

≥ (𝑛 − 1) ∑ √
𝑎𝑖

1 − 𝑎𝑖

𝑛

𝑖=1

 

Therefore, 

√𝑥1 + √𝑥2 + ⋯ + √𝑥𝑛 ≥ (𝑛 − 1) (
1

√𝑥1

+
1

√𝑥2

+ ⋯ +
1

√𝑥𝑛

) 
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