
 

Answer on Question #73030 – Math – Calculus 
 

Question 
Solve the following differential equation 
 

(𝐷 − 1)2(𝐷2 + 1)2𝑦 = 𝑠𝑖𝑛2
𝑥

2
+ 𝑒𝑥 + 𝑥 

 
Solution 

 
Substitute 
 

𝑦 = 𝑒𝑘𝑥 
 
Then 
 

𝐷𝑦 =
𝑑𝑦

𝑑𝑥
= 𝑘𝑒𝑘𝑥 

 

𝐷2𝑦 =
𝑑2𝑦

𝑑𝑥2
= 𝑘2𝑒𝑘𝑥 

 

𝐷4𝑦 =
𝑑4𝑦

𝑑𝑥4
= 𝑘4𝑒𝑘𝑥 

 

(𝑦′′ − 2𝑦′ + 𝑦)(𝑦(4) + 2𝑦′′ + 𝑦) = 0 

 
(𝑘2𝑒𝑘𝑥 − 2𝑘𝑒𝑘𝑥 + 𝑒𝑘𝑥)(𝑘4𝑒𝑘𝑥 + 2𝑘2𝑒𝑘𝑥 + 𝑒𝑘𝑥) = 0 

 
𝑒𝑘𝑥(𝑘2 − 2𝑘 + 1)(𝑘4 + 2𝑘2 + 1) = 0 

 
(𝑘 − 1)2(𝑘2 + 1)2 = 0 

 
𝑘 = 1; 𝑘 = 𝑖; 𝑘 = −𝑖 

 
So, we have three fundamental solutions: 
 

𝑒𝑥;  𝑒𝑖𝑥;  𝑒−𝑖𝑥 
 
Each of those three fundamental solutions satisfies the homogeneous equation and also any linear 
combination of those. 
Each of roots 𝑘 is double and to obtain three more fundamental solutions we need to multiply the 
corresponding fundamental solution by 𝑥 : 
 



 

𝑥𝑒𝑥; 𝑥 sin 𝑥 ; 𝑥 cos 𝑥 
 
 
So the general solution to the homogeneous equation is 
 

𝑌 = 𝐴𝑒𝑥 + 𝐵𝑥𝑒𝑥 + 𝐶 sin 𝑥 + 𝐷𝑥 sin 𝑥 + 𝐸 cos 𝑥 + 𝐹𝑥 cos 𝑥 
 
where 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹 are arbitrary constants. 
 
Since  
 

𝑠𝑖𝑛2
𝑥

2
=

1

2
−

cos 𝑥

2
 

 

(𝑦′′ − 2𝑦′ + 𝑦)(𝑦(4) + 2𝑦′′ + 𝑦) =
1

2
−

cos 𝑥

2
+ 𝑒𝑥 + 𝑥 

 
To get 𝑒𝑥 a particular solution 
 

𝑦̃1 = 𝑎𝑥2𝑒𝑥 
 

𝑦̃1
′ = 2𝑎𝑥𝑒𝑥 + 𝑎𝑥2𝑒𝑥 = 𝑎𝑒𝑥(2𝑥 + 𝑥2) 

 
𝑦̃1

′′ = 𝑎𝑒𝑥(2𝑥 + 𝑥2) + 𝑎𝑒𝑥(2 + 2𝑥) = 𝑎𝑒𝑥(𝑥2 + 4𝑥 + 2) 
 

𝑦̃1
(3) = 𝑎𝑒𝑥(𝑥2 + 4𝑥 + 2) + 𝑎𝑒𝑥(2𝑥 + 4) = 𝑎𝑒𝑥(𝑥2 + 6𝑥 + 6) 

 

𝑦̃1
(4) = 𝑎𝑒𝑥(𝑥2 + 6𝑥 + 6) + 𝑎𝑒𝑥(2𝑥 + 6) = 𝑎𝑒𝑥(𝑥2 + 8𝑥 + 12) 

 
(𝑎𝑒𝑥(𝑥2 + 4𝑥 + 2) − 2𝑎𝑒𝑥(2𝑥 + 𝑥2) + 𝑎𝑥2𝑒𝑥) × 

 
× (𝑎𝑒𝑥(𝑥2 + 8𝑥 + 12) + 2𝑎𝑒𝑥(𝑥2 + 4𝑥 + 2) + 𝑎𝑥2𝑒𝑥) = 𝑒𝑥 

 
𝑎(2 ∙ 12 + 2 ∙ 4) = 1 

 

𝑎 =
1

32
 

 

𝑦̃1 =
𝑥2𝑒𝑥

32
 

 

To get (−
cos 𝑥

2
)  a particular solution 

 
𝑦̃2 = 𝑏𝑥2 cos 𝑥 



 

 
𝑦̃2

′ = 2𝑏𝑥 cos 𝑥 − 𝑏𝑥2 sin 𝑥 
 

𝑦̃2
′′ = 2𝑏 cos 𝑥 − 4𝑏𝑥 sin 𝑥 − 𝑏𝑥2 cos 𝑥 = 𝑏 cos 𝑥 (2 − 𝑥2) − 4𝑏𝑥 sin 𝑥 

 

𝑦̃2
(3) = −2𝑏𝑥 cos 𝑥 − 𝑏 sin 𝑥(2 − 𝑥2) − 4𝑏 sin 𝑥 − 4𝑏𝑥 cos 𝑥 = −6𝑏𝑥 cos 𝑥 − 𝑏 sin 𝑥 (6 − 𝑥2) 

 

𝑦̃2
(4) = −6𝑏 cos 𝑥 + 6𝑏𝑥 sin 𝑥 + 2𝑏𝑥 sin 𝑥 − 𝑏(6 − 𝑥2) cos 𝑥 = 𝑏(𝑥2 − 12) cos 𝑥 + 8𝑏𝑥 sin 𝑥 

 
 

(𝑏 cos 𝑥 (2 − 𝑥2) − 4𝑏𝑥 sin 𝑥 − 2(2𝑏𝑥 cos 𝑥 − 𝑏𝑥2 sin 𝑥) + 𝑏𝑥2 cos 𝑥) × 
 

× (𝑏(𝑥2 − 12) cos 𝑥 + 8𝑏𝑥 sin 𝑥 + 2(𝑏 cos 𝑥 (2 − 𝑥2) − 4𝑏𝑥 sin 𝑥) + 𝑏𝑥2 cos 𝑥) = −
cos 𝑥

2
 

 

(−2𝑏𝑥 cos 𝑥 − 4𝑏𝑥 sin 𝑥 + 2𝑏𝑥2 sin 𝑥)(−8𝑏 cos 𝑥) = −
cos 𝑥

2
 

 
𝑏 = 0 

 
𝑦̃2 = 0 

 

To get (𝑥 +
1

2
) a particular solution 

 
𝑦̃3 = 𝑐𝑥 + 𝑑 

 
𝑦̃3

′ = 𝑐 
 

𝑦̃3
′′ = 𝑦̃3

(4) = 0 
 

(−2𝑐 + 𝑐𝑥 + 𝑑)(𝑐𝑥 + 𝑑) = 𝑥 +
1

2
 

 
−2𝑐2 + 2𝑐𝑑 = 1 

 

−2𝑐𝑑 + 𝑑2 =
1

2
 

 
𝑐2 = 0 

 
𝑦̃3 = 0 

 
 



 

𝑦̃ = 𝑦̃1 + 𝑦̃2 + 𝑦̃3 =
𝑥2𝑒𝑥

32
 

 
 
Answer: 
 

𝑦 = 𝑌 + 𝑦̃ = 𝐴𝑒𝑥 + 𝐵𝑥𝑒𝑥 + 𝐶 sin 𝑥 + 𝐷𝑥 sin 𝑥 + 𝐸 cos 𝑥 + 𝐹𝑥 cos 𝑥 +
𝑥2𝑒𝑥

32
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