Answer on Question #72164 — Math — Calculus

1. Compute the divergence and curl of each of the following vector fields:

a)
F=(x%+y?%x%—y?%2%
Solution
] JF, aFy JF,
dlvF—a-l'E E—ZX—Z}/-FZZ
11 ]— ’l_cl
LF 9 0 9 (2x + 2y)k
curlF = |— — —|=(2x
ox dy 0z Y
E. E F
b)
F=(x+y,x—y,2)
Solution

0F, OF, OF _ . . . _

o F = X 9tz
div (')x+0y dz

T ] k
I F d d 0 0
curlF = |— — —|=
dx 0dy 0z
E, E, F

2. For any two vector fields F, G show that:
V-FXG)=G-(VXF)—F-(VXG)

Solution

v
F. E,
Gy G,

k
E|l=(F G, —F-G)i— (F-G,—F,-G)j+ (F. G, — F, - G )k
G,
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O(Fy-GZ—FZ-Gy)_a(Fx-GZ—FZ-Gx)+0(Fx-Gy—Fy-Gx)

V-(FXG) = Ix % — —
_¢. o 96 0h Gy 0F, . 06, . OF . 0G
) Y 0 Y ox Zox oy Yoy * oy ? oy
0F, _ dG, _ 0F, _ 0G,
oot g g T g

s 0F, OF, G (6FZ an)+G 0F, OF, F 0G, 0G, N
7 \ay oz Y \ox 0z Z \ox ady *\oy oz

3G, 4G, 9G, 9G,
+h (G =55) <W‘ 3y

11 7 k1

vxpa|l 221 (O OB, (OF 0%y (0F O&),
ox 0dy 0z dy 0z ox 0z x y
E. F F

y z Jdx 0z dx 0dy
Analogically,
0G, 0G, 0G, 0G, G, 0G,
F =K ——|—F,- - —_——
(VX 6) = F <6y 0z > Y <ax 0z ) ox dy
Finally,
oF, OF, J0F, OF, 0F, O0F,
. FY—F- — A _ X)) . __* N A
G- (VXF) (VX G) = Gy (E)y 62) Gy (6x az>+Gz ox 0dy

aG, G, G, G, 9G, 9G,
~h (ay‘z)”y (Ge=%) " o oy )TV EXO
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3. Given scalar functions u(x, y, z), v(x,y,z),w(x,y, z), ¢(x,y, z) and a vector field

F(x,y,2) =u(x,y,2),v(x,y,2),w(x,y,z),
prove that

div(pF) = ¢(divF) + (Vo) - F

Solution
4 F_au 6v+aw
= Ty T oz
(div F) = <6u+6v+6w>
PREwr)I=%\ox "oy " oz
dp_ Odp_ O0¢p_
Vo alﬁ‘@]‘l‘gk
d d
(V(p)-Fz—q) u+—(p- +_<p w

(div F) + (Vo) F = (0u+6v+aw>+6<p do do
plaw Prr=P\ox Ty T az) Tax Yoy VT a2

d(pu) 0d(ev) +0(<pW) _

div(pF) = div(pu + v + pw) = e + 3y P

dp dp do Ju dv aw
=—U+—-— U+—Z W+a §0+@ (,0+—Z Q=

=@(divF)+ (Vo) F

4. Find a function f such that F = Vf, where F = (yz,xz,xy + 22)

Solution
af af of -
=—1i14+—74+—k=F
Vf axl+ay]+azk
d 0 0
_f:yz;—f:xz;—fzxy+22

0x dy 0z
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Answer:
f = (xyz,xyz, xyz + z?)

5.Letr = (x,y,z) and r = |r|, verify that

a)

Vr=3
Solution
e or, 0n,

LN SRR
ox dy 0z -

b)
divr™-r) = (n+3)r"

Solution
n n n n
r"-rz(\/x2+y2+zz) -(x,y,z)z[x(\/x2+y2+zz) ,y(\/x2+y2+zz) ,Z(\/x2+y2+22)]
n n 2_1
div(r"-r)z(\/x2+y2+zz) +x-2x-E(x2+y2+Zz)2 +
n n n_
+(\/x2+y2+zz) +y-2y-§(x2+y2+zz)2 Ly
n n n
) R S R TR

n
= 3rm 4 nr2z ) (x2+y2+2z)=3r"+nr"2r2 =3r" + nr* = (n + 3)r"

6. Givenu = xy?z?and v = yz — 3x?%, find V- [(Vu) X (V)]

Solution

ou u ou _

e T (v2,2 2
Vu = axl+a]+a k= (y2z2)1+ 2xyz?)] + 2xy?2)k
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=20+ 254 R 2 (ceni+ (] + OF
U—axl ay EP = X)Ll Z)] y

T 7 k
(Vu) x (W) = [(Vw), (Vu)y, (Vu),| = xyz? -y —z-2xy?2)T— (y?z% -y + 2xy%z- 6x)] +
V),  (Vv),,  (Vv),

+(y?z% -z + 2xyz? - 6x)k = —(y32% + 12x%y22)] + (y?z% + 12x%yz®)k

0[(Vw) X (Vv)] N o[(Vu) x (V)] N a[(Vw) x (Vv)],

V- [(Vw) x (V)] = o 3y e

Answer:

V- [(Vu) X (Vv)] = —3y22?% — 24x2%yz + 3y?2z? + 24x%yz = 0

7. Given the vector field F = (e*siny, e* cos y, z), show that F is irrotational, hence or
otherwise, find the functions f such that Vf = F

Solution
Tk 3 J k
o ad 0 0 0 0
curlF=|— — —|=| — - =
dx 0y 0z dx dy 0z
E E K e*siny e*cosy z
= (e*cosy —e*cosy)k =0
of _ of _ of
Vf=——T+—]+—k=F
f=5x"" 3y T %z
a—=e"51n 'g=e"cos 'g=z
dx Y 5y Y 5z

Answer:

72
f= (exsiny,ex siny,;)
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