
Answer on Question #72164 – Math –  Calculus 

1. Compute the divergence and curl of each of the following vector fields: 
 
a)  

𝐹 = (𝑥2 + 𝑦2, 𝑥2 − 𝑦2, 𝑧2) 
 

Solution 
 

𝑑𝑖𝑣 𝐹 =
𝜕𝐹𝑥

𝜕𝑥
+

𝜕𝐹𝑦

𝜕𝑦
+

𝜕𝐹𝑧

𝜕𝑧
= 2𝑥 − 2𝑦 + 2𝑧 

 

𝑐𝑢𝑟𝑙 𝐹 = ||

𝑖̅ 𝑗 ̅ 𝑘̅
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐹𝑥 𝐹𝑦 𝐹𝑧

|| = (2𝑥 + 2𝑦)𝑘̅ 

 
 
 
 
b) 

𝐹 = (𝑥 + 𝑦, 𝑥 − 𝑦, 𝑧) 
 

Solution 
 

𝑑𝑖𝑣 𝐹 =
𝜕𝐹𝑥

𝜕𝑥
+

𝜕𝐹𝑦

𝜕𝑦
+

𝜕𝐹𝑧

𝜕𝑧
= 1 − 1 + 1 = 1 

 

𝑐𝑢𝑟𝑙 𝐹 = ||

𝑖̅ 𝑗 ̅ 𝑘̅
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐹𝑥 𝐹𝑦 𝐹𝑧

|| = 0 

 
 
 
2. For any two vector fields 𝐹, 𝐺 show that:  
 

∇ ∙ (𝐹 × 𝐺) = 𝐺 ∙ (∇ × 𝐹) − 𝐹 ∙ (∇ × 𝐺) 
 
Solution 
 

𝐹 × 𝐺 = |

𝑖̅ 𝑗 ̅ 𝑘̅
𝐹𝑥 𝐹𝑦 𝐹𝑧

𝐺𝑥 𝐺𝑦 𝐺𝑧

| = (𝐹𝑦 ∙ 𝐺𝑧 − 𝐹𝑧 ∙ 𝐺𝑦)𝑖̅ − (𝐹𝑥 ∙ 𝐺𝑧 − 𝐹𝑧 ∙ 𝐺𝑥)𝑗̅ + (𝐹𝑥 ∙ 𝐺𝑦 − 𝐹𝑦 ∙ 𝐺𝑥)𝑘̅ 
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∇ ∙ (𝐹 × 𝐺) =
𝜕(𝐹𝑦 ∙ 𝐺𝑧 − 𝐹𝑧 ∙ 𝐺𝑦)

𝜕𝑥
−

𝜕(𝐹𝑥 ∙ 𝐺𝑧 − 𝐹𝑧 ∙ 𝐺𝑥)

𝜕𝑦
+

𝜕(𝐹𝑥 ∙ 𝐺𝑦 − 𝐹𝑦 ∙ 𝐺𝑥)

𝜕𝑧
= 

 

= 𝐺𝑧 ∙
𝜕𝐹𝑦

𝜕𝑥
+ 𝐹𝑦 ∙

𝜕𝐺𝑧

𝜕𝑥
− 𝐺𝑦 ∙

𝜕𝐹𝑧

𝜕𝑥
− 𝐹𝑧 ∙

𝐺𝑦

𝜕𝑥
− 𝐺𝑧 ∙

𝜕𝐹𝑥

𝜕𝑦
− 𝐹𝑥 ∙

𝜕𝐺𝑧

𝜕𝑦
+ 𝐺𝑥 ∙

𝜕𝐹𝑧

𝜕𝑦
+ 𝐹𝑧 ∙

𝜕𝐺𝑥

𝜕𝑦
+ 

 

+𝐺𝑦 ∙
𝜕𝐹𝑥

𝜕𝑧
+ 𝐹𝑥 ∙

𝜕𝐺𝑦

𝜕𝑧
− 𝐺𝑥 ∙

𝜕𝐹𝑦

𝜕𝑧
− 𝐹𝑦 ∙

𝜕𝐺𝑥

𝜕𝑧
= 

 

= 𝐺𝑥 ∙ (
𝜕𝐹𝑧

𝜕𝑦
−

𝜕𝐹𝑦

𝜕𝑧
) − 𝐺𝑦 ∙ (

𝜕𝐹𝑧

𝜕𝑥
−

𝜕𝐹𝑥

𝜕𝑧
) + 𝐺𝑧 ∙ (

𝜕𝐹𝑦

𝜕𝑥
−

𝜕𝐹𝑥

𝜕𝑦
) − 𝐹𝑥 ∙ (

𝜕𝐺𝑧

𝜕𝑦
−

𝜕𝐺𝑦

𝜕𝑧
) + 

+𝐹𝑦 ∙ (
𝜕𝐺𝑧

𝜕𝑥
−

𝜕𝐺𝑥

𝜕𝑧
) − 𝐹𝑧 ∙ (

𝜕𝐺𝑦

𝜕𝑥
−

𝜕𝐺𝑥

𝜕𝑦
) 

 

∇ × 𝐹 = ||

𝑖̅ 𝑗 ̅ 𝑘̅
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐹𝑥 𝐹𝑦 𝐹𝑧

|| = (
𝜕𝐹𝑧

𝜕𝑦
−

𝜕𝐹𝑦

𝜕𝑧
) 𝑖̅ − (

𝜕𝐹𝑧

𝜕𝑥
−

𝜕𝐹𝑥

𝜕𝑧
) 𝑗̅ + (

𝜕𝐹𝑦

𝜕𝑥
−

𝜕𝐹𝑥

𝜕𝑦
) 𝑘̅ 

 

𝐺 ∙ (∇ × 𝐹) = 𝐺𝑥 ∙ (
𝜕𝐹𝑧

𝜕𝑦
−

𝜕𝐹𝑦

𝜕𝑧
) − 𝐺𝑦 ∙ (

𝜕𝐹𝑧

𝜕𝑥
−

𝜕𝐹𝑥

𝜕𝑧
) + 𝐺𝑧 ∙ (

𝜕𝐹𝑦

𝜕𝑥
−

𝜕𝐹𝑥

𝜕𝑦
) 

 
Analogically, 
 

𝐹 ∙ (∇ × 𝐺) = 𝐹𝑥 ∙ (
𝜕𝐺𝑧

𝜕𝑦
−

𝜕𝐺𝑦

𝜕𝑧
) − 𝐹𝑦 ∙ (

𝜕𝐺𝑧

𝜕𝑥
−

𝜕𝐺𝑥

𝜕𝑧
) + 𝐹𝑧 ∙ (

𝜕𝐺𝑦

𝜕𝑥
−

𝜕𝐺𝑥

𝜕𝑦
) 

 
Finally, 
 

𝐺 ∙ (∇ × 𝐹) − 𝐹 ∙ (∇ × 𝐺) = 𝐺𝑥 ∙ (
𝜕𝐹𝑧

𝜕𝑦
−

𝜕𝐹𝑦

𝜕𝑧
) − 𝐺𝑦 ∙ (

𝜕𝐹𝑧

𝜕𝑥
−

𝜕𝐹𝑥

𝜕𝑧
) + 𝐺𝑧 ∙ (

𝜕𝐹𝑦

𝜕𝑥
−

𝜕𝐹𝑥

𝜕𝑦
) − 

 

−𝐹𝑥 ∙ (
𝜕𝐺𝑧

𝜕𝑦
−

𝜕𝐺𝑦

𝜕𝑧
) + 𝐹𝑦 ∙ (

𝜕𝐺𝑧

𝜕𝑥
−

𝜕𝐺𝑥

𝜕𝑧
) − 𝐹𝑧 ∙ (

𝜕𝐺𝑦

𝜕𝑥
−

𝜕𝐺𝑥

𝜕𝑦
) = ∇ ∙ (𝐹 × 𝐺) 
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3. Given scalar functions 𝑢(𝑥, 𝑦, 𝑧), 𝑣(𝑥, 𝑦, 𝑧), 𝑤(𝑥, 𝑦, 𝑧), 𝜑(𝑥, 𝑦, 𝑧) and a vector field  
 

𝐹(𝑥, 𝑦, 𝑧)  = 𝑢(𝑥, 𝑦, 𝑧), 𝑣(𝑥, 𝑦, 𝑧), 𝑤(𝑥, 𝑦, 𝑧), 
prove that 
 

𝑑𝑖𝑣(𝜑𝐹) = 𝜑(𝑑𝑖𝑣 𝐹) + (∇𝜑) ∙ 𝐹 
 

Solution 
 

𝑑𝑖𝑣 𝐹 =
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
 

 

𝜑(𝑑𝑖𝑣 𝐹) = 𝜑 (
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
) 

 

∇𝜑 =
𝜕𝜑

𝜕𝑥
𝑖̅ +

𝜕𝜑

𝜕𝑦
𝑗̅ +

𝜕𝜑

𝜕𝑧
𝑘̅ 

 

(∇𝜑) ∙ 𝐹 =
𝜕𝜑

𝜕𝑥
∙ 𝑢 +

𝜕𝜑

𝜕𝑦
∙ 𝑣 +

𝜕𝜑

𝜕𝑧
∙ 𝑤 

  

𝜑(𝑑𝑖𝑣 𝐹) + (∇𝜑) ∙ 𝐹 = 𝜑 (
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
) +

𝜕𝜑

𝜕𝑥
∙ 𝑢 +

𝜕𝜑

𝜕𝑦
∙ 𝑣 +

𝜕𝜑

𝜕𝑧
∙ 𝑤 

 

𝑑𝑖𝑣(𝜑𝐹) = 𝑑𝑖𝑣(𝜑𝑢 + 𝜑𝑣 + 𝜑𝑤) =
𝜕(𝜑𝑢)

𝜕𝑥
+

𝜕(𝜑𝑣)

𝜕𝑦
+

𝜕(𝜑𝑤)

𝜕𝑧
= 

 

=
𝜕𝜑

𝜕𝑥
∙ 𝑢 +

𝜕𝜑

𝜕𝑦
∙ 𝑣 +

𝜕𝜑

𝜕𝑧
∙ 𝑤 +

𝜕𝑢

𝜕𝑥
∙ 𝜑 +

𝜕𝑣

𝜕𝑦
∙ 𝜑 +

𝜕𝑤

𝜕𝑧
∙ 𝜑 = 

 
= 𝜑(𝑑𝑖𝑣 𝐹) + (∇𝜑) ∙ 𝐹 

 
 
4. Find a function 𝑓 such that 𝐹 = ∇𝑓, where 𝐹 = (𝑦𝑧, 𝑥𝑧, 𝑥𝑦 + 2𝑧) 
 

Solution 
 

∇𝑓 =
𝜕𝑓

𝜕𝑥
𝑖̅ +

𝜕𝑓

𝜕𝑦
𝑗̅ +

𝜕𝑓

𝜕𝑧
𝑘̅ = 𝐹 

 
𝜕𝑓

𝜕𝑥
= 𝑦𝑧 ;  

𝜕𝑓

𝜕𝑦
= 𝑥𝑧 ;  

𝜕𝑓

𝜕𝑧
= 𝑥𝑦 + 2𝑧 
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Answer: 
 

𝑓 = (𝑥𝑦𝑧, 𝑥𝑦𝑧, 𝑥𝑦𝑧 + 𝑧2) 
 
 
5. Let 𝑟 = (𝑥, 𝑦, 𝑧) and 𝑟 = |𝑟|, verify that 
 
a)  

∇ ∙ 𝑟 = 3 
 

Solution 
 

∇ ∙ 𝑟 =
𝜕𝑟𝑥

𝜕𝑥
+

𝜕𝑟𝑦

𝜕𝑦
+

𝜕𝑟𝑧

𝜕𝑧
= 1 + 1 + 1 = 3 

 
 
b)  

𝑑𝑖𝑣(𝑟𝑛 ∙ 𝑟) = (𝑛 + 3)𝑟𝑛 
 

Solution 
 

𝑟𝑛 ∙ 𝑟 = (√𝑥2 + 𝑦2 + 𝑧2)
𝑛

∙ (𝑥, 𝑦, 𝑧) = [𝑥 (√𝑥2 + 𝑦2 + 𝑧2)
𝑛

, 𝑦 (√𝑥2 + 𝑦2 + 𝑧2)
𝑛

, 𝑧 (√𝑥2 + 𝑦2 + 𝑧2)
𝑛

] 

 

𝑑𝑖𝑣(𝑟𝑛 ∙ 𝑟) = (√𝑥2 + 𝑦2 + 𝑧2)
𝑛

+ 𝑥 ∙ 2𝑥 ∙
𝑛

2
(𝑥2 + 𝑦2 + 𝑧2)

𝑛
2

−1 + 

 

+ (√𝑥2 + 𝑦2 + 𝑧2)
𝑛

+ 𝑦 ∙ 2𝑦 ∙
𝑛

2
(𝑥2 + 𝑦2 + 𝑧2)

𝑛
2

−1 + 

 

+ (√𝑥2 + 𝑦2 + 𝑧2)
𝑛

+ 𝑧 ∙ 2𝑧 ∙
𝑛

2
(𝑥2 + 𝑦2 + 𝑧2)

𝑛
2

−1 = 

 

= 3𝑟𝑛 + 𝑛𝑟2(
𝑛
2

−1)(𝑥2 + 𝑦2 + 𝑧2) = 3𝑟𝑛 + 𝑛𝑟𝑛−2𝑟2 = 3𝑟𝑛 + 𝑛𝑟𝑛 = (𝑛 + 3)𝑟𝑛 
 
 
 
 
6. Given 𝑢 = 𝑥𝑦2𝑧2 and 𝑣 = 𝑦𝑧 − 3𝑥2 , find ∇ ∙ [(∇𝑢) × (∇𝑣)] 
 

Solution 
 

∇𝑢 =
𝜕𝑢

𝜕𝑥
𝑖̅ +

𝜕𝑢

𝜕𝑦
𝑗̅ +

𝜕𝑢

𝜕𝑧
𝑘̅ = (𝑦2𝑧2)𝑖̅ + (2𝑥𝑦𝑧2)𝑗̅ + (2𝑥𝑦2𝑧)𝑘̅ 
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∇𝑣 =
𝜕𝑣

𝜕𝑥
𝑖̅ +

𝜕𝑣

𝜕𝑦
𝑗̅ +

𝜕𝑣

𝜕𝑧
𝑘̅ = (−6𝑥)𝑖̅ + (𝑧)𝑗̅ + (𝑦)𝑘̅ 

 

(∇𝑢) × (∇𝑣) = |

𝑖̅ 𝑗 ̅ 𝑘̅
(∇𝑢)𝑥 (∇𝑢)𝑦 (∇𝑢)𝑧

(∇𝑣)𝑥 (∇𝑣)𝑦 (∇𝑣)𝑧

| = (2𝑥𝑦𝑧2 ∙ 𝑦 − 𝑧 ∙ 2𝑥𝑦2𝑧)𝑖̅ − (𝑦2𝑧2 ∙ 𝑦 + 2𝑥𝑦2𝑧 ∙ 6𝑥)𝑗̅ + 

 

+(𝑦2𝑧2 ∙ 𝑧 + 2𝑥𝑦𝑧2 ∙ 6𝑥)𝑘̅ = −(𝑦3𝑧2 + 12𝑥2𝑦2𝑧)𝑗̅ + (𝑦2𝑧3 + 12𝑥2𝑦𝑧2)𝑘̅ 
 

∇ ∙ [(∇𝑢) × (∇𝑣)] =
𝜕[(∇𝑢) × (∇𝑣)]𝑥

𝜕𝑥
+

𝜕[(∇𝑢) × (∇𝑣)]𝑦

𝜕𝑦
+

𝜕[(∇𝑢) × (∇𝑣)]𝑧

𝜕𝑧
 

 
Answer: 
 

∇ ∙ [(∇𝑢) × (∇𝑣)] = −3𝑦2𝑧2 − 24𝑥2𝑦𝑧 + 3𝑦2𝑧2 + 24𝑥2𝑦𝑧 = 0 
 
 
 
 
7. Given the vector field 𝐹 = (𝑒𝑥 sin 𝑦 , 𝑒𝑥 cos 𝑦 , 𝑧), show that 𝐹 is irrotational, hence or 
otherwise, find the functions 𝑓 such that ∇𝑓 = 𝐹 
 

Solution 
 

𝑐𝑢𝑟𝑙 𝐹 = ||

𝑖̅ 𝑗 ̅ 𝑘̅
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐹𝑥 𝐹𝑦 𝐹𝑧

|| = ||

𝑖̅ 𝑗 ̅ 𝑘̅
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝑒𝑥 sin 𝑦 𝑒𝑥 cos 𝑦 𝑧

|| = 

 

= (𝑒𝑥 cos 𝑦 − 𝑒𝑥 cos 𝑦)𝑘̅ = 0 
 

∇𝑓 =
𝜕𝑓

𝜕𝑥
𝑖̅ +

𝜕𝑓

𝜕𝑦
𝑗̅ +

𝜕𝑓

𝜕𝑧
𝑘̅ = 𝐹 

 
𝜕𝑓

𝜕𝑥
= 𝑒𝑥 sin 𝑦 ; 

𝜕𝑓

𝜕𝑦
= 𝑒𝑥 cos 𝑦 ; 

𝜕𝑓

𝜕𝑧
= 𝑧 

 
Answer: 
 

𝑓 = (𝑒𝑥 sin 𝑦 , 𝑒𝑥 sin 𝑦 ,
𝑧2

2
 ) 
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