
Answer on Question #71065 – Math – Calculus 

 

Question 

 

How to find the double point of the curve  𝑥3 + 𝑦3 − 3𝑎𝑥𝑦 = 0? 

 

Solution 

A singular point of the curve defined by the equation 𝐹 (𝑥,  𝑦) = 0  is a             

point 𝑀0(𝑥0, 𝑦0) at which both partial derivatives of the function 𝐹 (𝑥,  𝑦) vanish: 

(
𝜕𝐹

𝜕𝑥
)
0
= (

𝜕𝐹

𝜕𝑦
)
0

= 0 

If the second partial derivatives of 𝐹 (𝑥,  𝑦) are not all equal to zero at 𝑀0, then 

𝑀0is called a double point. If all the first and second derivatives vanish at 𝑀0, but 

the third derivatives are not all equal to zero, then 𝑀0 is called a triple point, and so 

on. When the nature of a curve near a double point is investigated, an important 

role is played by the sign of the expression (Hessian matrix) 

𝐻𝑒𝑠𝑠𝑖𝑎𝑛(𝐹) =
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𝜕𝑥2
)
0

(
𝜕2𝐹

𝜕𝑦2
)
0

− ((
𝜕𝐹

𝜕𝑥𝜕𝑦
)
0
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If ∆> 0, the singular point is isolated (or an acnode). 

If ∆< 0, the singular point is a node, or a point of self-intersection (or a crunode,   

a loop). 

If ∆= 0, the singular point is a cusp (or a spinode). 

𝑥3 + 𝑦3 − 3𝑎𝑥𝑦 = 0 

𝐹 (𝑥,  𝑦) = 𝑥3 + 𝑦3 − 3𝑎𝑥𝑦 

𝐹 (𝑥,  𝑦) = 0 
𝜕𝐹

𝜕𝑥
= 3𝑥2 − 3𝑎𝑦 

𝜕𝐹

𝜕𝑦
= 3𝑦2 − 3𝑎𝑥 

{
 
 

 
 
𝐹 (𝑥,  𝑦) = 0
𝜕𝐹

𝜕𝑥
= 0

𝜕𝐹

𝜕𝑦
= 0

=> {

𝑥3 + 𝑦3 − 3𝑎𝑥𝑦 = 0

3𝑥2 − 3𝑎𝑦 = 0

3𝑦2 − 3𝑎𝑥 = 0

 

𝜕2𝐹

𝜕𝑥2
= 6𝑥 

𝜕2𝐹

𝜕𝑦2
= 6𝑦 



𝜕2𝐹

𝜕𝑥𝜕𝑦
=
𝜕2𝐹

𝜕𝑦𝜕𝑥
= −3𝑎 

 

If 𝑎 = 0 

𝑥3 + 𝑦3 = 0 

{
𝑥3 + 𝑦3 = 0

3𝑥2 = 0
3𝑦2 = 0

=> 𝑃𝑜𝑖𝑛𝑡(0, 0) 

𝜕2𝐹

𝜕𝑥2
⃒(0,0) = 0 

𝜕2𝐹

𝜕𝑦2
⃒(0,0) = 0 

𝜕2𝐹

𝜕𝑥𝜕𝑦
⃒(0,0) = 0 

𝜕3𝐹

𝜕𝑥3
= 6 

𝜕3𝐹

𝜕𝑦3
= 6 

We have that all the first and second derivatives vanish at (0, 0), but 

the third derivatives are not all equal to zero, and then (0, 0) is the triple point. 

 

If 𝑎 ≠ 0 

{

𝑥3 + 𝑦3 − 3𝑎𝑥𝑦 = 0

3𝑥2 − 3𝑎𝑦 = 0

3𝑦2 − 3𝑎𝑥 = 0

=> {

𝑥3 + 𝑦3 − 3𝑎𝑥𝑦 = 0

𝑥2 = 𝑎𝑦

𝑦2 = 𝑎𝑥

=>

{
 
 

 
 𝑥3 +

𝑥6

𝑎3
− 3𝑎𝑥

𝑥2

𝑎
= 0

𝑦 =
𝑥2

𝑎
𝑦2 = 𝑎𝑥

 

{
  
 

  
 
𝑥6

𝑎3
− 2𝑥3 = 0

𝑦 =
𝑥2

𝑎
𝑥4

𝑎2
= 𝑎𝑥

=>

{
 

 
𝑥3(𝑥3 − 2𝑎3) = 0

𝑦 =
𝑥2

𝑎
𝑥(𝑥3 − 𝑎3) = 0

 

We have that 

{
𝑥 = 0
𝑦 = 0

 => 𝑃𝑜𝑖𝑛𝑡(0, 0) 

Or 

{

𝑥3 − 2𝑎3 = 0

𝑦 =
𝑥2

𝑎
𝑥3 − 𝑎3 = 0

=> {

𝑥3 − 𝑎3 − 𝑎3 = 0

𝑦 =
𝑥2

𝑎
𝑥3 − 𝑎3 = 0

=> {

𝑎 = 0

𝑦 =
𝑥2

𝑎
𝑥3 − 𝑎3 = 0

=> 𝑁𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠 

 



𝜕2𝐹

𝜕𝑥2
⃒(0,0) = 0 

𝜕2𝐹

𝜕𝑦2
⃒(0,0) = 0 

𝜕2𝐹

𝜕𝑥𝜕𝑦
⃒(0,0) = −3𝑎 ≠ 0 

𝐻𝑒𝑠𝑠𝑖𝑎𝑛(𝐹) = (
0 −3𝑎
−3𝑎 0

) 

∆= |
0 −3𝑎
−3𝑎 0

| = −9𝑎2 < 0 

 

∆< 0, the singular point (0, 0) is a node, or a point of self-intersection (or a 

crunode, a loop). 

 

Answer:  

If 𝑎 = 0, there are no double points. 

If  𝑎 ≠ 0, the singular point (0, 0) is a node or a point of self-intersection (or a 

crunode, a loop). 
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