
ANSWER on Question #70313 Math.  Calculus 

If 

𝑦𝑦(𝑥𝑥) = atan 𝑥𝑥  

Obtain an equation showing the relationship between 𝑦𝑦(𝑛𝑛+2),𝑦𝑦(𝑛𝑛+1) and 𝑦𝑦(𝑛𝑛) 

SOLUTION 

As we know 

𝑦𝑦(𝑥𝑥) = atan 𝑥𝑥 ↔ 𝑦𝑦(1)(𝑥𝑥) ≡ 𝑦𝑦′(𝑥𝑥) =
𝑑𝑑(atan 𝑥𝑥)

𝑑𝑑𝑑𝑑 =
1

1 + 𝑥𝑥2 

𝑦𝑦(2)(𝑥𝑥) ≡ 𝑦𝑦′′(𝑥𝑥) =
𝑑𝑑
𝑑𝑑𝑑𝑑 �𝑦𝑦

′(𝑥𝑥)� =
𝑑𝑑
𝑑𝑑𝑑𝑑 �

1
1 + 𝑥𝑥2� = −

2𝑥𝑥
(1 + 𝑥𝑥2)2 = −

2𝑥𝑥
1 + 𝑥𝑥2 ⋅

1
1 + 𝑥𝑥2 ↔ 

𝑦𝑦(2)(𝑥𝑥) = −
2𝑥𝑥

1 + 𝑥𝑥2 ⋅ 𝑦𝑦
(1)(𝑥𝑥)�×(1 + 𝑥𝑥2) ↔ (1 + 𝑥𝑥2) ⋅ 𝑦𝑦(2)(𝑥𝑥) = −2𝑥𝑥 ⋅ 𝑦𝑦(1)(𝑥𝑥) 

(1 + 𝑥𝑥2) ⋅ 𝑦𝑦(2)(𝑥𝑥) + 2𝑥𝑥 ⋅ 𝑦𝑦(1)(𝑥𝑥) = 0  

From the resulting equation we derive the necessary recurrence relation. 

We recall that the General Leibniz rule has the form 

(More information: https://en.wikipedia.org/wiki/General_Leibniz_rule )  

(𝑢𝑢 ⋅ 𝑣𝑣)(𝑛𝑛) = ��𝑛𝑛𝑘𝑘�
𝑛𝑛

𝑘𝑘=0

𝑢𝑢(𝑛𝑛−𝑘𝑘)𝑣𝑣(𝑘𝑘) 

What do we do? From the resulting equation we take the nth derivative 

(1 + 𝑥𝑥2) ⋅ 𝑦𝑦(2)(𝑥𝑥) + 2𝑥𝑥 ⋅ 𝑦𝑦(1)(𝑥𝑥) = 0�×
𝑑𝑑𝑛𝑛

𝑑𝑑𝑥𝑥𝑛𝑛 

�(1 + 𝑥𝑥2) ⋅ 𝑦𝑦(2)(𝑥𝑥) + 2𝑥𝑥 ⋅ 𝑦𝑦(1)(𝑥𝑥)�
(𝑛𝑛)

= (0)(𝑛𝑛) 

�(1 + 𝑥𝑥2) ⋅ 𝑦𝑦(2)(𝑥𝑥)�
(𝑛𝑛)

+ �2𝑥𝑥 ⋅ 𝑦𝑦(1)(𝑥𝑥)�
(𝑛𝑛)

= 0 

 

 

We analyze each derivative separately 

https://en.wikipedia.org/wiki/General_Leibniz_rule


�(1 + 𝑥𝑥2) ⋅ 𝑦𝑦(2)(𝑥𝑥)�
(𝑛𝑛)

=

⎣
⎢
⎢
⎢
⎡ 𝑢𝑢 = 𝑦𝑦(2)(𝑥𝑥)

𝑣𝑣 = 1 + 𝑥𝑥2

(𝑢𝑢 ⋅ 𝑣𝑣)(𝑛𝑛) = ��𝑛𝑛𝑘𝑘�
𝑛𝑛

𝑘𝑘=0

𝑢𝑢(𝑛𝑛−𝑘𝑘)𝑣𝑣(𝑘𝑘)

⎦
⎥
⎥
⎥
⎤

= 

= �𝑛𝑛0� �𝑦𝑦
(2)(𝑥𝑥)�

(𝑛𝑛)
⋅ (1 + 𝑥𝑥2)(0) + �𝑛𝑛1� �𝑦𝑦

(2)(𝑥𝑥)�
(𝑛𝑛−1)

⋅ (1 + 𝑥𝑥2)(1) + 

+ �𝑛𝑛2� �𝑦𝑦
(2)(𝑥𝑥)�

(𝑛𝑛−2)
⋅ (1 + 𝑥𝑥2)(2) + �𝑛𝑛3� �𝑦𝑦

(2)(𝑥𝑥)�
(𝑛𝑛−3)

⋅ (1 + 𝑥𝑥2)(3) + ⋯ 

⎩
⎪
⎨

⎪
⎧ (1 + 𝑥𝑥2)(0) = 1 + 𝑥𝑥2

(1 + 𝑥𝑥2)(1) = 2𝑥𝑥
(1 + 𝑥𝑥2)(2) = 2
(1 + 𝑥𝑥2)(3) = 0

∀𝑘𝑘 ≥ 3,   (1 + 𝑥𝑥2)(𝑘𝑘) = 0

 

⎩
⎪⎪
⎨

⎪⎪
⎧ �𝑛𝑛0� =

𝑛𝑛!
(𝑛𝑛 − 0)! ⋅ (0)! = 1

�𝑛𝑛1� =
𝑛𝑛!

(𝑛𝑛 − 1)! ⋅ (1)! =
(𝑛𝑛 − 1)! ⋅ 𝑛𝑛

(𝑛𝑛 − 1)! = 𝑛𝑛

�𝑛𝑛2� =
𝑛𝑛!

(𝑛𝑛 − 2)! ⋅ (2)! =
(𝑛𝑛 − 2)! ⋅ (𝑛𝑛 − 1) ⋅ 𝑛𝑛

(𝑛𝑛 − 2)! ⋅ 2 =
𝑛𝑛(𝑛𝑛 − 1)

2

 

 

Then, 

�(1 + 𝑥𝑥2) ⋅ 𝑦𝑦(2)(𝑥𝑥)�
(𝑛𝑛)

= 𝑦𝑦(𝑛𝑛+2)(𝑥𝑥) ⋅ (1 + 𝑥𝑥2) + 𝑛𝑛 ⋅ 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) ⋅ 2𝑥𝑥 +
𝑛𝑛(𝑛𝑛 − 1)

2 ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) ⋅ 2 

�(1 + 𝑥𝑥2) ⋅ 𝑦𝑦(2)(𝑥𝑥)�
(𝑛𝑛)

= (1 + 𝑥𝑥2)𝑦𝑦(𝑛𝑛+2)(𝑥𝑥) + 2𝑛𝑛𝑛𝑛 ⋅ 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + 𝑛𝑛(𝑛𝑛 − 1) ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥)  

 

 

 

 

 



�2𝑥𝑥 ⋅ 𝑦𝑦(1)(𝑥𝑥)�
(𝑛𝑛)

=

⎣
⎢
⎢
⎢
⎡ 𝑢𝑢 = 𝑦𝑦(1)(𝑥𝑥)

𝑣𝑣 = 2𝑥𝑥

(𝑢𝑢 ⋅ 𝑣𝑣)(𝑛𝑛) = ��𝑛𝑛𝑘𝑘�
𝑛𝑛

𝑘𝑘=0

𝑢𝑢(𝑛𝑛−𝑘𝑘)𝑣𝑣(𝑘𝑘)

⎦
⎥
⎥
⎥
⎤

= 

= �𝑛𝑛0� �𝑦𝑦
(1)(𝑥𝑥)�

(𝑛𝑛)
⋅ (2𝑥𝑥)(0) + �𝑛𝑛1� �𝑦𝑦

(1)(𝑥𝑥)�
(𝑛𝑛−1)

⋅ (2𝑥𝑥)(1) + 

+ �𝑛𝑛2� �𝑦𝑦
(1)(𝑥𝑥)�

(𝑛𝑛−2)
⋅ (2𝑥𝑥)(2) + �𝑛𝑛3� �𝑦𝑦

(1)(𝑥𝑥)�
(𝑛𝑛−3)

⋅ (2𝑥𝑥)(3) + ⋯ 

⎩
⎪
⎨

⎪
⎧ (2𝑥𝑥)(0) = 2𝑥𝑥

(2𝑥𝑥)(1) = 2
(2𝑥𝑥)(2) = 0

∀𝑘𝑘 ≥ 3,   (1 + 𝑥𝑥2)(𝑘𝑘) = 0
 

⎩
⎪⎪
⎨

⎪⎪
⎧ �𝑛𝑛0� =

𝑛𝑛!
(𝑛𝑛 − 0)! ⋅ (0)! = 1

�𝑛𝑛1� =
𝑛𝑛!

(𝑛𝑛 − 1)! ⋅ (1)! =
(𝑛𝑛 − 1)! ⋅ 𝑛𝑛

(𝑛𝑛 − 1)! = 𝑛𝑛

�𝑛𝑛2� =
𝑛𝑛!

(𝑛𝑛 − 2)! ⋅ (2)! =
(𝑛𝑛 − 2)! ⋅ (𝑛𝑛 − 1) ⋅ 𝑛𝑛

(𝑛𝑛 − 2)! ⋅ 2 =
𝑛𝑛(𝑛𝑛 − 1)

2

 

 

Then, 

�(2𝑥𝑥) ⋅ 𝑦𝑦(1)(𝑥𝑥)�
(𝑛𝑛)

= 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) ⋅ (2𝑥𝑥) + 𝑛𝑛 ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) ⋅ 2 +
𝑛𝑛(𝑛𝑛 − 1)

2 ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) ⋅ 0 

�(2𝑥𝑥) ⋅ 𝑦𝑦(1)(𝑥𝑥)�
(𝑛𝑛)

= 2𝑥𝑥 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + 2𝑛𝑛 𝑦𝑦(𝑛𝑛)(𝑥𝑥)  

Conclusion, 

�(1 + 𝑥𝑥2) ⋅ 𝑦𝑦(2)(𝑥𝑥)�
(𝑛𝑛)

+ �2𝑥𝑥 ⋅ 𝑦𝑦(1)(𝑥𝑥)�
(𝑛𝑛)

= 0 ↔ 

(1 + 𝑥𝑥2)𝑦𝑦(𝑛𝑛+2)(𝑥𝑥) + 2𝑛𝑛𝑛𝑛 ⋅ 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + 𝑛𝑛(𝑛𝑛 − 1) ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) + 2𝑥𝑥 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + 2𝑛𝑛 𝑦𝑦(𝑛𝑛)(𝑥𝑥) = 0 

(1 + 𝑥𝑥2)𝑦𝑦(𝑛𝑛+2)(𝑥𝑥) + 2𝑛𝑛𝑛𝑛 ⋅ 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + 𝑛𝑛(𝑛𝑛 − 1) ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) + 2𝑥𝑥 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + 2𝑛𝑛 𝑦𝑦(𝑛𝑛)(𝑥𝑥) = 0 

(1 + 𝑥𝑥2)𝑦𝑦(𝑛𝑛+2)(𝑥𝑥) + (2𝑛𝑛𝑛𝑛 + 2𝑥𝑥) ⋅ 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + [𝑛𝑛(𝑛𝑛 − 1) + 2𝑛𝑛] ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) = 0 

(1 + 𝑥𝑥2)𝑦𝑦(𝑛𝑛+2)(𝑥𝑥) + 2𝑥𝑥(𝑛𝑛 + 1) ⋅ 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + [𝑛𝑛2 − 𝑛𝑛 + 2𝑛𝑛] ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) = 0 

(1 + 𝑥𝑥2)𝑦𝑦(𝑛𝑛+2)(𝑥𝑥) + 2𝑥𝑥(𝑛𝑛 + 1) ⋅ 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + [𝑛𝑛2 + 𝑛𝑛] ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) = 0 



(1 + 𝑥𝑥2)𝑦𝑦(𝑛𝑛+2)(𝑥𝑥) + 2𝑥𝑥(𝑛𝑛 + 1) ⋅ 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + 𝑛𝑛(𝑛𝑛 + 1) ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) = 0  

ANSWER 

𝑦𝑦(𝑥𝑥) = atan 𝑥𝑥 ↔ (1 + 𝑥𝑥2)𝑦𝑦(𝑛𝑛+2)(𝑥𝑥) + 2𝑥𝑥(𝑛𝑛 + 1) ⋅ 𝑦𝑦(𝑛𝑛+1)(𝑥𝑥) + 𝑛𝑛(𝑛𝑛 + 1) ⋅ 𝑦𝑦(𝑛𝑛)(𝑥𝑥) = 0 

 

 


