
ANSWER on Question #70041 Math. Calculus 

Determine the square of the arc element for the curvilinear coordinate system 
(𝑢𝑢, 𝑣𝑣,𝑤𝑤) whose coordinates are related to the Cartesian coordinates as follows: 

�
𝑥𝑥 = 3𝑢𝑢 + 𝑣𝑣 − 𝑤𝑤
𝑦𝑦 = 𝑢𝑢 + 2𝑣𝑣 + 2𝑤𝑤
𝑧𝑧 = 2𝑢𝑢 − 𝑣𝑣 − 𝑤𝑤

 

ANSWER 

As we know, in the Cartesian coordinates 

𝑟𝑟 = 𝑥𝑥 ⋅ 𝑒𝑒𝑥𝑥���⃗ + 𝑦𝑦 ⋅ 𝑒𝑒𝑦𝑦����⃗ + 𝑧𝑧 ⋅ 𝑒𝑒𝑧𝑧���⃗  

𝑑𝑑𝑟𝑟 = 𝑑𝑑𝑥𝑥 ⋅ 𝑒𝑒𝑥𝑥���⃗ + 𝑑𝑑𝑦𝑦 ⋅ 𝑒𝑒𝑦𝑦����⃗ + 𝑑𝑑𝑧𝑧 ⋅ 𝑒𝑒𝑧𝑧���⃗  

(𝑑𝑑𝑟𝑟)2 = 𝑑𝑑𝑟𝑟 ⋅ 𝑑𝑑𝑟𝑟 ≡ (𝑑𝑑𝑥𝑥)2 + (𝑑𝑑𝑦𝑦)2 + (𝑑𝑑𝑧𝑧)2  

In the curvilinear coordinate system (𝑢𝑢,𝑣𝑣,𝑤𝑤) 

𝑑𝑑𝑟𝑟 =
𝜕𝜕𝑟𝑟
𝜕𝜕𝑢𝑢 ⋅ 𝑑𝑑𝑢𝑢 +

𝜕𝜕𝑟𝑟
𝜕𝜕𝑣𝑣 ⋅ 𝑑𝑑𝑣𝑣 +

𝜕𝜕𝑟𝑟
𝜕𝜕𝑤𝑤 ⋅ 𝑑𝑑𝑤𝑤 ≡ ℎ𝑢𝑢����⃗ ⋅ 𝑑𝑑𝑢𝑢 + ℎ𝑣𝑣����⃗ ⋅ 𝑑𝑑𝑣𝑣 + ℎ𝑤𝑤�����⃗ ⋅ 𝑑𝑑𝑤𝑤 

(𝑑𝑑𝑟𝑟)2 = 𝑑𝑑𝑟𝑟 ⋅ 𝑑𝑑𝑟𝑟 ≡ �ℎ𝑢𝑢����⃗ �
2

(𝑑𝑑𝑢𝑢)2 + �ℎ𝑣𝑣����⃗ �
2

(𝑑𝑑𝑣𝑣)2 + �ℎ𝑤𝑤�����⃗ �
2

(𝑑𝑑𝑤𝑤)2  

Where 

ℎ𝑢𝑢����⃗ =
𝜕𝜕𝑟𝑟
𝜕𝜕𝑢𝑢 =

𝜕𝜕𝑥𝑥
𝜕𝜕𝑢𝑢 ⋅ 𝑒𝑒𝑥𝑥���⃗ +

𝜕𝜕𝑦𝑦
𝜕𝜕𝑢𝑢 ⋅ 𝑒𝑒𝑦𝑦����⃗ +

𝜕𝜕𝑧𝑧
𝜕𝜕𝑢𝑢 ⋅ 𝑒𝑒𝑧𝑧���⃗  

ℎ𝑣𝑣����⃗ =
𝜕𝜕𝑟𝑟
𝜕𝜕𝑣𝑣 =

𝜕𝜕𝑥𝑥
𝜕𝜕𝑣𝑣 ⋅ 𝑒𝑒𝑥𝑥���⃗ +

𝜕𝜕𝑦𝑦
𝜕𝜕𝑣𝑣 ⋅ 𝑒𝑒𝑦𝑦����⃗ +

𝜕𝜕𝑧𝑧
𝜕𝜕𝑣𝑣 ⋅ 𝑒𝑒𝑧𝑧���⃗  

ℎ𝑤𝑤�����⃗ =
𝜕𝜕𝑟𝑟
𝜕𝜕𝑤𝑤 =

𝜕𝜕𝑥𝑥
𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑥𝑥���⃗ +

𝜕𝜕𝑦𝑦
𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑦𝑦����⃗ +

𝜕𝜕𝑧𝑧
𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑧𝑧���⃗  

In our case, 

�
𝑥𝑥 = 3𝑢𝑢 + 𝑣𝑣 − 𝑤𝑤
𝑦𝑦 = 𝑢𝑢 + 2𝑣𝑣 + 2𝑤𝑤
𝑧𝑧 = 2𝑢𝑢 − 𝑣𝑣 − 𝑤𝑤

 

 

 



Then, 

ℎ𝑢𝑢����⃗ =
𝜕𝜕𝑥𝑥
𝜕𝜕𝑢𝑢 ⋅ 𝑒𝑒𝑥𝑥���⃗ +

𝜕𝜕𝑦𝑦
𝜕𝜕𝑢𝑢 ⋅ 𝑒𝑒𝑦𝑦����⃗ +

𝜕𝜕𝑧𝑧
𝜕𝜕𝑢𝑢 ⋅ 𝑒𝑒𝑧𝑧���⃗ = 

=
𝜕𝜕(3𝑢𝑢 + 𝑣𝑣 − 𝑤𝑤)

𝜕𝜕𝑢𝑢 ⋅ 𝑒𝑒𝑥𝑥���⃗ +
𝜕𝜕(𝑢𝑢 + 2𝑣𝑣 + 2𝑤𝑤)

𝜕𝜕𝑢𝑢 ⋅ 𝑒𝑒𝑦𝑦����⃗ +
𝜕𝜕(2𝑢𝑢 − 𝑣𝑣 − 𝑤𝑤)

𝜕𝜕𝑢𝑢 ⋅ 𝑒𝑒𝑧𝑧���⃗ = 

= 3 ⋅ 𝑒𝑒𝑥𝑥���⃗ + 1 ⋅ 𝑒𝑒𝑦𝑦����⃗ + 2 ⋅ 𝑒𝑒𝑧𝑧���⃗  

ℎ𝑢𝑢����⃗ = 3 ⋅ 𝑒𝑒𝑥𝑥���⃗ + 1 ⋅ 𝑒𝑒𝑦𝑦����⃗ + 2 ⋅ 𝑒𝑒𝑧𝑧���⃗ ↔ �ℎ𝑢𝑢����⃗ �
2

= 32 + 12 + 22 = 9 + 1 + 4 = 14 

�ℎ𝑢𝑢����⃗ �
2

= 14  

 

ℎ𝑣𝑣����⃗ =
𝜕𝜕𝑥𝑥
𝜕𝜕𝑣𝑣 ⋅ 𝑒𝑒𝑥𝑥���⃗ +

𝜕𝜕𝑦𝑦
𝜕𝜕𝑣𝑣 ⋅ 𝑒𝑒𝑦𝑦����⃗ +

𝜕𝜕𝑧𝑧
𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑧𝑧���⃗ = 

=
𝜕𝜕(3𝑢𝑢 + 𝑣𝑣 − 𝑤𝑤)

𝜕𝜕𝑣𝑣 ⋅ 𝑒𝑒𝑥𝑥���⃗ +
𝜕𝜕(𝑢𝑢 + 2𝑣𝑣 + 2𝑤𝑤)

𝜕𝜕𝑣𝑣 ⋅ 𝑒𝑒𝑦𝑦����⃗ +
𝜕𝜕(2𝑢𝑢 − 𝑣𝑣 − 𝑤𝑤)

𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑧𝑧���⃗ = 

= 1 ⋅ 𝑒𝑒𝑥𝑥���⃗ + 2 ⋅ 𝑒𝑒𝑦𝑦����⃗ − 1 ⋅ 𝑒𝑒𝑧𝑧���⃗  

ℎ𝑣𝑣����⃗ = 1 ⋅ 𝑒𝑒𝑥𝑥���⃗ + 2 ⋅ 𝑒𝑒𝑦𝑦����⃗ − 1 ⋅ 𝑒𝑒𝑧𝑧���⃗ ↔ �ℎ𝑣𝑣����⃗ �
2

= 12 + 22 + (−1)2 = 1 + 4 + 1 = 6 

�ℎ𝑣𝑣����⃗ �
2

= 6  

ℎ𝑤𝑤�����⃗ =
𝜕𝜕𝑥𝑥
𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑥𝑥���⃗ +

𝜕𝜕𝑦𝑦
𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑦𝑦����⃗ +

𝜕𝜕𝑧𝑧
𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑧𝑧���⃗ = 

=
𝜕𝜕(3𝑢𝑢 + 𝑣𝑣 − 𝑤𝑤)

𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑥𝑥���⃗ +
𝜕𝜕(𝑢𝑢 + 2𝑣𝑣 + 2𝑤𝑤)

𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑦𝑦����⃗ +
𝜕𝜕(2𝑢𝑢 − 𝑣𝑣 − 𝑤𝑤)

𝜕𝜕𝑤𝑤 ⋅ 𝑒𝑒𝑧𝑧���⃗ = 

= (−1) ⋅ 𝑒𝑒𝑥𝑥���⃗ + 2 ⋅ 𝑒𝑒𝑦𝑦����⃗ − 1 ⋅ 𝑒𝑒𝑧𝑧���⃗  

ℎ𝑢𝑢����⃗ = (−1) ⋅ 𝑒𝑒𝑥𝑥���⃗ + 2 ⋅ 𝑒𝑒𝑦𝑦����⃗ − 1 ⋅ 𝑒𝑒𝑧𝑧���⃗ ↔ �ℎ𝑢𝑢����⃗ �
2

= (−1)2 + 22 + (−1)2 = 1 + 4 + 1 = 6 

�ℎ𝑢𝑢����⃗ �
2

= 6  

 

 



Conclusion, 

(𝑑𝑑𝑟𝑟)2 ≡ �ℎ𝑢𝑢����⃗ �
2

(𝑑𝑑𝑢𝑢)2 + �ℎ𝑣𝑣����⃗ �
2

(𝑑𝑑𝑣𝑣)2 + �ℎ𝑤𝑤�����⃗ �
2

(𝑑𝑑𝑤𝑤)2 = 14(𝑑𝑑𝑢𝑢)2 + 6(𝑑𝑑𝑣𝑣)2 + 6(𝑑𝑑𝑤𝑤)2 

(𝑑𝑑𝑟𝑟)2 ≡ 14(𝑑𝑑𝑢𝑢)2 + 6(𝑑𝑑𝑣𝑣)2 + 6(𝑑𝑑𝑤𝑤)2  

ANSWER 

 

(𝑑𝑑𝑟𝑟)2 ≡ 14(𝑑𝑑𝑢𝑢)2 + 6(𝑑𝑑𝑣𝑣)2 + 6(𝑑𝑑𝑤𝑤)2 
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