
ANSWER on Question #70039 – Math – Calculus 

QUESTION 

 

Show that for any scalar field  𝜙(𝑟) : 

∇⃗⃗ × (𝜙(𝑟)∇⃗⃗ (𝜙(𝑟))) = 0⃗  

 

SOLUTION 

By the definition, the nabla operator has the form 

∇⃗⃗ = 𝑖 
𝜕

𝜕𝑥
+ 𝑗 

𝜕

𝜕𝑦
+ 𝑘⃗ 

𝜕

𝜕𝑧
 

Then, 

𝑟 = 𝑖  𝑥 + 𝑗  𝑦 + 𝑘⃗  𝑧 

𝑟 = √𝑥2 + 𝑦2 + 𝑧2 

𝜕𝑟

𝜕𝑥
=

𝜕

𝜕𝑥
(√𝑥2 + 𝑦2 + 𝑧2) =

2𝑥

2√𝑥2 + 𝑦2 + 𝑧2
=

𝑥

𝑟
 

𝜕𝑟

𝜕𝑦
=

𝜕

𝜕𝑦
(√𝑥2 + 𝑦2 + 𝑧2) =

2𝑦

2√𝑥2 + 𝑦2 + 𝑧2
=

𝑦

𝑟
 

𝜕𝑟

𝜕𝑧
=

𝜕

𝜕𝑧
(√𝑥2 + 𝑦2 + 𝑧2) =

2𝑧

2√𝑥2 + 𝑦2 + 𝑧2
=

𝑧

𝑟
 

 

∇⃗⃗ (𝜙(𝑟)) = 𝑖 
𝜕(𝜙(𝑟))

𝜕𝑥
+ 𝑗 

𝜕(𝜙(𝑟))

𝜕𝑦
+ 𝑘⃗ 

𝜕(𝜙(𝑟))

𝜕𝑧
= 

= 𝑖 
𝜕(𝜙(𝑟))

𝜕𝑟
⋅
𝜕𝑟

𝜕𝑥
+ 𝑗 

𝜕(𝜙(𝑟))

𝜕𝑟
⋅
𝜕𝑟

𝜕𝑦
+ 𝑘⃗ 

𝜕(𝜙(𝑟))

𝜕𝑟
⋅
𝜕𝑟

𝜕𝑧
= 𝑖 𝜙′(𝑟)

𝑥

𝑟
+ 𝑗 𝜙′(𝑟)

𝑦

𝑟
+ 𝑘⃗ 𝜙′(𝑟)

𝑧

𝑟
 

=
𝜙′(𝑟)

𝑟
⋅ (𝑖  𝑥 + 𝑗  𝑦 + 𝑘⃗  𝑧) = 𝜙′(𝑟) ⋅

𝑟 

𝑟
 

Conclusion, 



∇⃗⃗ (𝜙(𝑟)) = 𝜙′(𝑟) ⋅
𝑟 

𝑟
 

𝜙(𝑟)∇⃗⃗ (𝜙(𝑟)) = 𝜙(𝑟) ⋅ (𝜙′(𝑟) ⋅
𝑟 

𝑟
) = 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑟 

𝑟
 

𝜙(𝑟)∇⃗⃗ (𝜙(𝑟)) = 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅
𝑟 

𝑟
 

By the definition, the ∇⃗⃗ × operator has the form 

 ∇⃗⃗ × 𝐴 = |
|

𝑖 𝑗 𝑘⃗ 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝐴𝑥 𝐴𝑦 𝐴𝑧

|
| 

In our case, 

∇⃗⃗ × (𝜙(𝑟)∇⃗⃗ (𝜙(𝑟))) =
|

|

𝑖 𝑗 𝑘⃗ 

𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅
𝑥

𝑟
𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑦

𝑟
𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑧

𝑟

|

|
= 

= 𝑖 ⋅ (
𝜕

𝜕𝑦
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑧

𝑟
] −

𝜕

𝜕𝑧
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑦

𝑟
]) − 

−𝑗 ⋅ (
𝜕

𝜕𝑥
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑧

𝑟
] −

𝜕

𝜕𝑧
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥

𝑟
]) + 

+𝑘⃗ ⋅ (
𝜕

𝜕𝑥
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑦

𝑟
] −

𝜕

𝜕𝑦
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥

𝑟
]) 

 

 

 

 

 



 

 

Notice, that 

𝜕

𝜕𝑥
(
1

𝑟
) =

𝜕

𝜕𝑥
(

1

√𝑥2 + 𝑦2 + 𝑧2 
) = −

1

2
⋅

2𝑥

√(𝑥2 + 𝑦2 + 𝑧2)3 
= −

𝑥

𝑟3
 

𝜕

𝜕𝑦
(
1

𝑟
) =

𝜕

𝜕𝑦
(

1

√𝑥2 + 𝑦2 + 𝑧2 
) = −

1

2
⋅

2𝑦

√(𝑥2 + 𝑦2 + 𝑧2)3 
= −

𝑦

𝑟3
 

𝜕

𝜕𝑧
(
1

𝑟
) =

𝜕

𝜕𝑧
(

1

√𝑥2 + 𝑦2 + 𝑧2 
) = −

1

2
⋅

2𝑧

√(𝑥2 + 𝑦2 + 𝑧2)3 
= −

𝑧

𝑟3
 

We consider each bracket separately 

1)  

𝜕

𝜕𝑦
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑧

𝑟
] −

𝜕

𝜕𝑧
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑦

𝑟
] = 

= 𝜙′(𝑟) ⋅
𝑦

𝑟
⋅ 𝜙′(𝑟) ⋅

𝑧

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑦

𝑟
⋅
𝑧

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅ (−

𝑦

𝑟3
) ⋅

𝑧

𝑟
− 

− [𝜙′(𝑟) ⋅
𝑧

𝑟
⋅ 𝜙′(𝑟) ⋅

𝑦

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑧

𝑟
⋅
𝑦

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅ (−

𝑧

𝑟3
) ⋅

𝑦

𝑟
] = 

= 𝜙′(𝑟) ⋅ 𝜙′(𝑟) ⋅
𝑧𝑦

𝑟2
+ 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑧𝑦

𝑟2
− 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑧𝑦

𝑟4
− 

−𝜙′(𝑟) ⋅ 𝜙′(𝑟) ⋅
𝑧𝑦

𝑟2
− 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑧𝑦

𝑟2
+ 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑧𝑦

𝑟4
= 0 

2)  
𝜕

𝜕𝑥
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑧

𝑟
] −

𝜕

𝜕𝑧
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥

𝑟
] = 

= 𝜙′(𝑟) ⋅
𝑥

𝑟
⋅ 𝜙′(𝑟) ⋅

𝑧

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑥

𝑟
⋅
𝑧

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅ (−

𝑥

𝑟3
) ⋅

𝑧

𝑟
− 

−[𝜙′(𝑟) ⋅
𝑧

𝑟
⋅ 𝜙′(𝑟) ⋅

𝑥

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑧

𝑟
⋅
𝑥

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅ (−

𝑧

𝑟3
) ⋅

𝑥

𝑟
] = 

= 𝜙′(𝑟) ⋅ 𝜙′(𝑟) ⋅
𝑥𝑧

𝑟2
+ 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑥𝑧

𝑟2
− 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥𝑧

𝑟4
− 

−𝜙′(𝑟) ⋅ 𝜙′(𝑟) ⋅
𝑥𝑧

𝑟2
− 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑥𝑧

𝑟2
+ 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥𝑧

𝑟4
= 0 



 

 

 

3)  
𝜕

𝜕𝑥
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑦

𝑟
] −

𝜕

𝜕𝑦
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥

𝑟
] = 

= 𝜙′(𝑟) ⋅
𝑥

𝑟
⋅ 𝜙′(𝑟) ⋅

𝑦

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑥

𝑟
⋅
𝑦

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅ (−

𝑥

𝑟3
) ⋅

𝑦

𝑟
− 

−[𝜙′(𝑟) ⋅
𝑦

𝑟
⋅ 𝜙′(𝑟) ⋅

𝑥

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑦

𝑟
⋅
𝑥

𝑟
+ 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅ (−

𝑦

𝑟3
) ⋅

𝑥

𝑟
] = 

= 𝜙′(𝑟) ⋅ 𝜙′(𝑟) ⋅
𝑥𝑦

𝑟2
+ 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑥𝑦

𝑟2
− 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥𝑦

𝑟4
− 

−𝜙′(𝑟) ⋅ 𝜙′(𝑟) ⋅
𝑥𝑦

𝑟2
− 𝜙(𝑟) ⋅ 𝜙′′(𝑟) ⋅

𝑥𝑦

𝑟2
+ 𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥𝑦

𝑟4
= 0 

Conclusion, 

∇⃗⃗ × (𝜙(𝑟)∇⃗⃗ (𝜙(𝑟))) = 𝑖 ⋅ (
𝜕

𝜕𝑦
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑧

𝑟
] −

𝜕

𝜕𝑧
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑦

𝑟
]) − 

−𝑗 ⋅ (
𝜕

𝜕𝑥
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑧

𝑟
] −

𝜕

𝜕𝑧
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥

𝑟
]) + 

+𝑘⃗ ⋅ (
𝜕

𝜕𝑥
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑦

𝑟
] −

𝜕

𝜕𝑦
[𝜙(𝑟) ⋅ 𝜙′(𝑟) ⋅

𝑥

𝑟
]) = 

= 𝑖 ⋅ 0 − 𝑗 ⋅ 0 + 𝑘⃗ ⋅ 0 = 0⃗  

∇⃗⃗ × (𝜙(𝑟)∇⃗⃗ (𝜙(𝑟))) = 0⃗  

Q.E.D 
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