
Answer on Question #69646, Math / Differential Equations 
 
Solve the differential equation 𝑦𝑦′ = −𝑦𝑦 + 𝑥𝑥2𝑦𝑦2 
Solution 
It's not hard to see that this is a Bernoulli differential equation 

𝑦𝑦′ + 𝑝𝑝(𝑥𝑥)𝑦𝑦 = 𝑞𝑞(𝑥𝑥)𝑦𝑦𝑛𝑛 
In this case, we have that 𝑛𝑛 = 2 

𝑦𝑦′ + 𝑦𝑦 = 𝑥𝑥2𝑦𝑦2. 
Then to find the solution, change the dependent variable from 𝑦𝑦 to 𝑧𝑧,      
where  𝑧𝑧 = 𝑦𝑦−1. This gives a differential equation in 𝑥𝑥 and 𝑧𝑧 that is linear, and can 
be solved using the integrating factor method. 
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−𝑧𝑧′ + 𝑧𝑧 = 𝑥𝑥2 
𝑧𝑧′ − 𝑧𝑧 = −𝑥𝑥2 

Integrating Factor = 𝑣𝑣(𝑥𝑥) = 𝑒𝑒∫𝑃𝑃(𝑥𝑥)𝑑𝑑𝑥𝑥 = 𝑒𝑒∫(−1)𝑑𝑑𝑥𝑥 = 𝑒𝑒−𝑥𝑥 
Constant of integration is  0, so 𝑣𝑣 is simple as possible. 
Multiple both sides by a positive function 𝑣𝑣(𝑥𝑥) that transforms the left-hand side 
into the derivative of the product  𝑣𝑣(𝑥𝑥) ∙ 𝑧𝑧. 

𝑒𝑒−𝑥𝑥
𝑑𝑑𝑧𝑧
𝑑𝑑𝑥𝑥 − 𝑒𝑒−𝑥𝑥𝑧𝑧 = −𝑥𝑥2𝑒𝑒−𝑥𝑥 
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(𝑒𝑒−𝑥𝑥𝑧𝑧) = 𝑒𝑒−𝑥𝑥
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(𝑒𝑒−𝑥𝑥𝑧𝑧) = −𝑥𝑥2𝑒𝑒−𝑥𝑥 

�𝑑𝑑(𝑒𝑒−𝑥𝑥𝑧𝑧) = �(−𝑥𝑥2𝑒𝑒−𝑥𝑥)𝑑𝑑𝑥𝑥 

�(−𝑥𝑥2𝑒𝑒−𝑥𝑥)𝑑𝑑𝑥𝑥 = 𝑥𝑥2𝑒𝑒−𝑥𝑥 − 2�𝑥𝑥𝑒𝑒−𝑥𝑥 𝑑𝑑𝑥𝑥 = 𝑥𝑥2𝑒𝑒−𝑥𝑥 + 2𝑥𝑥𝑒𝑒−𝑥𝑥 + 2𝑒𝑒−𝑥𝑥 + 𝐶𝐶 

�𝑢𝑢𝑑𝑑𝑣𝑣 = 𝑢𝑢𝑣𝑣 −�𝑣𝑣 𝑑𝑑𝑢𝑢 

𝑢𝑢 = 𝑥𝑥2,𝑑𝑑𝑢𝑢 = 2𝑥𝑥𝑑𝑑𝑥𝑥 
𝑑𝑑𝑣𝑣 = −𝑒𝑒−𝑥𝑥𝑑𝑑𝑥𝑥,𝑣𝑣 = 𝑒𝑒−𝑥𝑥 

−2�𝑥𝑥𝑒𝑒−𝑥𝑥 𝑑𝑑𝑥𝑥 = 2𝑥𝑥𝑒𝑒−𝑥𝑥 − 2�𝑒𝑒−𝑥𝑥 𝑑𝑑𝑥𝑥 = 2𝑥𝑥𝑒𝑒−𝑥𝑥 + 2𝑒𝑒−𝑥𝑥 + 𝐶𝐶 

�𝑢𝑢𝑑𝑑𝑣𝑣 = 𝑢𝑢𝑣𝑣 −�𝑣𝑣 𝑑𝑑𝑢𝑢 

𝑢𝑢 = 2𝑥𝑥,𝑑𝑑𝑢𝑢 = 2𝑑𝑑𝑥𝑥 
𝑑𝑑𝑣𝑣 = −𝑒𝑒−𝑥𝑥𝑑𝑑𝑥𝑥,𝑣𝑣 = 𝑒𝑒−𝑥𝑥 
 
 
 



𝑒𝑒−𝑥𝑥𝑧𝑧 = 𝑥𝑥2𝑒𝑒−𝑥𝑥 + 2𝑥𝑥𝑒𝑒−𝑥𝑥 + 2𝑒𝑒−𝑥𝑥 + 𝐶𝐶 
𝑧𝑧 = 𝑥𝑥2 + 2𝑥𝑥 + 2 + 𝐶𝐶𝑒𝑒𝑥𝑥 
Put back 𝑧𝑧 = 𝑦𝑦−1 

𝑦𝑦 =
1

𝑥𝑥2 + 2𝑥𝑥 + 2 + 𝐶𝐶𝑒𝑒𝑥𝑥 
 

Answer: 𝑦𝑦 =
1

𝑥𝑥2 + 2𝑥𝑥 + 2 + 𝐶𝐶𝑒𝑒𝑥𝑥 . 
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