
Answer on Question #69645 – Math – Differential Equations 

Question 

Solve the Riccati's equation 

𝑑𝑦

𝑑𝑥
= −1 − 𝑥2 + 𝑦2. 

Solution 

One searches for the general solution in the following form 

𝑦(𝑥) = 𝑧(𝑥) + 𝑦𝑝(𝑥), 

where 𝑦𝑝(𝑥) is a particular solution of the given equation.  

This substitution transforms the equation into Bernoulli’s one of the unknown function 𝑧(𝑥). 

Let the particular solution be 

𝑦𝑝(𝑥) = 𝑎𝑥. 

Substituting it into the differential equation we get 

𝑑

𝑑𝑥
(𝑎𝑥) = −1 − 𝑥2 + (𝑎𝑥)2 

or 

𝑎 = −1 + (𝑎2 − 1)𝑥2. 

Value 

𝑎 = −1 

 satisfies the previous equation.  

The particular solution is 

𝑦𝑝(𝑥) = −𝑥, 

and the general solution may be found as 

𝑦(𝑥) = 𝑧(𝑥) − 𝑥. 

Substituting it into the Riccati’s equation we get 

𝑑

𝑑𝑥
(𝑧(𝑥) − 𝑥) = −1 − 𝑥2 + (𝑧(𝑥) − 𝑥)2, 



𝑑𝑧

𝑑𝑥
− 1 = −1 − 𝑥2 + 𝑧2 − 2𝑥𝑧 + 𝑥2, 

𝑑𝑧

𝑑𝑥
= 𝑧2 − 2𝑥𝑧. 

This is Bernoulli’s equation. It can be solved using the substitution 𝑧(𝑥) = 𝑢(𝑥)𝑣(𝑥): 

𝑑(𝑢𝑣)

𝑑𝑥
= (𝑢𝑣)2 − 2𝑥𝑢𝑣, 

𝑣
𝑑𝑢

𝑑𝑥
+ 𝑢

𝑑𝑣

𝑑𝑥
+ 2𝑥𝑢𝑣 − 𝑢2𝑣2 = 0, 

(
𝑑𝑢

𝑑𝑥
+ 2𝑥𝑢) 𝑣 + (𝑢

𝑑𝑣

𝑑𝑥
− 𝑢2𝑣2) = 0, 

We get the system 

{

𝑑𝑢

𝑑𝑥
+ 2𝑥𝑢 = 0

𝑢
𝑑𝑣

𝑑𝑥
− 𝑢2𝑣2 = 0

. 

We need a particular solution of the first equation of the system. Check that it is 𝑢(𝑥) = 𝑏𝑒−𝑥
2
: 

𝑑(𝑏𝑒−𝑥
2
)

𝑑𝑥
+ 2𝑏𝑥𝑒−𝑥

2
= 0, 

−2𝑥𝑏𝑒−𝑥
2
+ 2𝑏𝑥𝑒−𝑥

2
= 0, 

0 = 0. 

Let 𝑏 = 1, so a particular solution is 𝑢(𝑥) = 𝑒−𝑥
2
. 

As 𝑢(𝑥) = 𝑒−𝑥
2
≠ 0, the second equation may be reduced to 

𝑑𝑣

𝑑𝑥
− 𝑢𝑣2 = 0 

or 

𝑑𝑣

𝑑𝑥
− 𝑒−𝑥

2
𝑣2 = 0. 

This is the separable DE. 

∫
𝑑𝑣

𝑣2
= ∫𝑒−𝑥

2
𝑑𝑥, 



−
1

𝑣(𝑥)
=
√𝜋

2
erf 𝑥 −

𝐶

2
, 

where 𝐶 is an integration constant. 

 Then 

𝑣(𝑥) = −
1

√𝜋
2 erf 𝑥 −

𝐶
2

=
2

𝐶 − √𝜋 erf 𝑥
 

and 

𝑧(𝑥) = 𝑢(𝑥)𝑣(𝑥) =
2𝑒−𝑥

2

𝐶 − √𝜋 erf 𝑥
. 

Finally, the general solution of the Riccati’s equation is 

𝑦(𝑥) = 𝑧(𝑥) − 𝑥 =
2𝑒−𝑥

2

𝐶 − √𝜋 erf 𝑥
− 𝑥. 

Answer: 𝑦(𝑥) =
2𝑒−𝑥

2

𝐶−√𝜋erf 𝑥
− 𝑥. 
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