
Answer on Question #69636 – Math – Differential Equations 

 

Question 

 

Find the general solution of the differential equation  

𝑦′ =
𝑦

𝑥
+

𝑦3

𝑥3
 . 

Solution 

 This is a Bernoulli equation for 𝑛 = 3. Divide the equation by 𝑦3,  

𝑦′

𝑦3
=

1

𝑥𝑦2
+

1

𝑥3
 . 

Substitute the function 𝑣 = 1 𝑦2⁄  and its derivative 𝑣′ = −2(𝑦′ 𝑦3⁄ ), into the 

differential equation above: 

−
𝑣′

2
=

𝑣

𝑥
+

1

𝑥3
  ⇒  𝑣′ = −

2

𝑥
𝑣 −

2

𝑥3
  ⇒   𝑣′ +

2

𝑥
𝑣 = −

2

𝑥3
 . 

The last equation is a linear differential equation for the function 𝑣. This equation 

can be solved using the integrating factor method. Multiply the equation by      

𝜇(𝑥) = 𝑒∫
2

𝑥
𝑑𝑥 = 𝑒2 ln 𝑥 = 𝑥2, then  

(𝑥2𝑣)′ = −
2

𝑥
  ⇒   𝑥2𝑣 = −2 ln 𝑥 + 𝐶 . 

We obtain that  

𝑣 =
−2 ln 𝑥 + 𝐶

𝑥2
 . 

Since 𝑣 = 1 𝑦2⁄  ,  

1

𝑦2
=

−2 ln 𝑥 + 𝐶

𝑥2
  ⇒ 𝑦 = ±

𝑥

√−2 ln 𝑥 + 𝐶
 . 

Answer: 𝑦 = ±
𝑥

√−2 ln 𝑥+𝐶
. 
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