
Answer on Question #69630 – Math – Differential Equations 

Question 

1. Find the general solution of    
𝑑𝑦

𝑑𝑥
= (2𝑦2 + 3𝑥𝑦)/𝑥2. 

                                                         Solution 

𝑑𝑦

𝑑𝑥
=

2𝑦2 + 3𝑥𝑦

𝑥2
⇒ 𝑦′ =

3

𝑥
𝑦 +

2

𝑥2
𝑦2 ⇒ 

𝑦′ −
3

𝑥
𝑦 =

2

𝑥2 𝑦2.  (1) 

Method 1 

Equation (1) is a first-order linear differential equation.  

1. Let’s make the substitution: 𝑦 = 𝑈𝑉 

2. Then 𝑦′ = 𝑈′𝑉 + 𝑈𝑉′. 

3. Let’s put the substitution into the differential equation (1): 

𝑈′𝑉 + 𝑈𝑉′ −
3

𝑥
𝑈𝑉 = 2𝑥−2𝑈2𝑉2. 

𝑈′𝑉 + 𝑈 (𝑉′ −
3

𝑥
𝑉) = 2𝑥−2𝑈2𝑉2. 

{
𝑉′ −

3

𝑥
𝑉 = 0

𝑈′𝑉 = 2𝑥−2𝑈2𝑉2
         (2) 

4. Let’s solve the first differential equation of the system (2):  

𝑉′ −
3

𝑥
𝑉 = 0. 

𝑑𝑉

𝑑𝑥
=

3

𝑥
𝑉. 

𝑑𝑉

𝑉
=

3

𝑥
𝑑𝑥, 𝑉 ≠ 0 

∫
𝑑𝑉

𝑉
= ∫

3

𝑥
𝑑𝑥. 

ln|𝑉| = 3ln |𝑥| + 𝐶. 

𝑉 = 𝐶𝑥3. 

Put 𝐶 = 1, then  

𝑉 = 𝑥3. 

5. Let’s solve the second differential equation of the system (2):  

𝑈′𝑉 = 2𝑥−2𝑈2𝑉2 ⇒ 𝑈′ = 2𝑥−2𝑈2𝑉 ⇒ 𝑈′ = 2𝑥−2𝑈2𝑥3 ⇒ 𝑈′ = 2𝑥𝑈2. 

Then  

𝑑𝑈

𝑈2
= 2𝑥𝑑𝑥, 𝑈 ≠ 0 ⇒ ∫

𝑑𝑈

𝑈2
= ∫ 2𝑥𝑑𝑥 ⇒ −

1

𝑈
= 𝑥2 + 𝐶 ⇒ 𝑈 = −

1

𝑥2 + 𝐶
 

6. The general solution of the differential equation (1): 

𝑦 = 𝑈𝑉 = (−
1

𝑥2 + 𝐶
) 𝑥3 = −

𝑥3

𝑥2 + 𝐶
. 



If 𝑈 = 0 or 𝑉 = 0 then 𝑦 = 0 is the special solution of the differential equation (1). 

 

Method 2 

The equation (1) is homogeneous first-order differential equation because 
3𝜆𝑦

𝜆𝑥
=

3𝑦

𝑥
 and 

 2
(𝜆𝑦)2

(𝜆𝑥)2 = 2
𝑦2

𝑥2. 

1. Let’s make the substitution 𝑦 = 𝑢𝑥, where 𝑢 is a new variable,  

2. then 𝑦′ = (𝑢𝑥)′ = 𝑢′𝑥 + 𝑢. 

3. Let’s put the substitution into the differential equation (1): 

𝑢′𝑥 + 𝑢 − 3𝑢 = 2𝑢2, 

𝑥
𝑑𝑢

𝑑𝑥
= 2𝑢2 + 2𝑢, 

𝑥
𝑑𝑢

𝑑𝑥
= 2𝑢(𝑢 + 1), 

𝑑𝑢

𝑢(𝑢+1)
= 2

𝑑𝑥

𝑥
, 𝑢 ≠ 0, 𝑢 ≠ −1 

(
1

𝑢
−

1

𝑢+1
) 𝑑𝑢 = 2

𝑑𝑥

𝑥
, 

∫ (
1

𝑢
−

1

𝑢+1
) 𝑑𝑢 = 2 ∫

𝑑𝑥

𝑥
, 

ln|𝑢| − ln|𝑢 + 1| = 2 ln 𝑥 + ln|𝐶1|, 

ln
|𝑢|

|𝑢 + 1|
= ln|𝐶1|𝑥2 

𝑢

𝑢+1
= 𝐶2𝑥2, 

𝑢+1

𝑢+1
−

1

𝑢+1
= 𝐶2𝑥2, 

1

𝑢+1
= 1 − 𝐶2𝑥2, 

𝑢 + 1 =
1

1 − 𝐶2𝑥2
 

𝑢 =
1

1 − 𝐶2𝑥2
− 1 

𝑢 =
1−1+𝐶2𝑥2

1−𝐶2𝑥2 , 

𝑢 = −
𝑥2

𝑥2−
1

𝐶2

. 

 



4. The general solution of the differential equation (1): 

𝑦

𝑥
= −

𝑥2

𝑥2+𝐶
, 

𝑦 = −
𝑥3

𝑥2+𝐶
. (3) 

If 𝑢 = 0, then 𝑦 = 0 is the special solution of the differential equation (1). 

If 𝑢 = −1, then 𝑦 = −𝑥 is a solution of the differential equation (1) which is a particular case of 

(3) if we put 𝐶 = 0. 

Answer: 

𝑦 = −
𝑥3

𝑥2 + 𝐶
 𝑖𝑠 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛; 

𝑦 = 0 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑝𝑒𝑐𝑖𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛.  
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