
 

 

Answer on Question #66338 – Math – Differential Equations 
 

Question 
 
Solve the differential equation 
 
1)  

𝑥2𝑝 + 𝑦2𝑞 = (𝑥 + 𝑦)𝑧 
 

Solution 
 

𝑥2
𝜕𝑧

𝜕𝑥
+ 𝑦2

𝜕𝑧

𝜕𝑦
= (𝑥 + 𝑦)𝑧 

 
Equation of characteristics: 
 

𝑑𝑥

𝑥2
=

𝑑𝑦

𝑦2
=

𝑑𝑧

(𝑥 + 𝑦)𝑧
 

 
Then: 
 

∫
𝑑𝑥

𝑥2
= ∫

𝑑𝑦

𝑦2
 

 

−
1

𝑥
= −

1

𝑦
+ 𝐶1 

 

𝐶1 =
𝑥 − 𝑦

𝑥𝑦
 

 

𝑦 =
𝑥

𝐶1𝑥 + 1
 

 
𝑑𝑥

𝑥2
=

𝑑𝑧

(𝑥 + 𝑦)𝑧
=

𝑑𝑧

(𝑥 +
𝑥

𝐶1𝑥 + 1) 𝑧
 

 
𝐶1𝑥2 + 2𝑥

𝑥2(𝐶1𝑥 + 1)
𝑑𝑥 =

𝐶1𝑥 + 2

𝑥(𝐶1𝑥 + 1)
=

𝑑𝑧

𝑧
 

 

∫
𝐶1𝑥 + 2

𝑥(𝐶1𝑥 + 1)
𝑑𝑥 = ∫

𝑑𝑧

𝑧
 

 



 

 

𝐶1𝑥 + 2

𝑥(𝐶1𝑥 + 1)
=

1

𝑥
+

1

𝑥(𝐶1𝑥 + 1)
 

 
1

𝑥(𝐶1𝑥 + 1)
=

𝐴

𝑥
+

𝐵

𝐶1𝑥 + 1
 

 
𝐴(𝐶1𝑥 + 1) + 𝐵𝑥 = 1 

 
𝐴 = 1  ;   𝐵 = −𝐶1 

 
1

𝑥(𝐶1𝑥 + 1)
=

1

𝑥
−

𝐶1

𝐶1𝑥 + 1
 

 

∫ (
2

𝑥
−

𝐶1

𝐶1𝑥 + 1
) 𝑑𝑥 = ∫

𝑑𝑧

𝑧
 

 
2 ln|𝑥| − ln|𝐶1𝑥 + 1| = ln|𝑧| + ln 𝐶2 

 

𝐶2 =
𝑥2

𝑧(𝐶1𝑥 + 1)
=

𝑥2

𝑧 (
𝑥 − 𝑦

𝑥𝑦 𝑥 + 1)
=

𝑦𝑥2

𝑧𝑥
=

𝑥𝑦

𝑧
 

 

Answer: 𝐹 (
𝑥−𝑦

𝑥𝑦
,

𝑥𝑦

𝑧
) = 0 

 

Question 
 
2)  

𝑝1/2 − 𝑞1/2 + 3𝑥 = 0 
 

Solution 
 

(
𝜕𝑧

𝜕𝑥
)

1/2

− (
𝜕𝑧

𝜕𝑦
)

1/2

+ 3𝑥 = 0 

 
Equations of characteristics: 
 

𝑥̇ =
𝑑𝑥

𝑑𝜏
=

1

2√𝑝
 ; 𝑦̇ =

𝑑𝑦

𝑑𝜏
= −

1

2√𝑞
 ;  𝑝̇ =

𝑑𝑝

𝑑𝜏
= −3 ; 𝑞̇ =

𝑑𝑞

𝑑𝜏
= 0 ;  𝑧̇ =

𝑑𝑧

𝑑𝜏
=

√𝑝 − √𝑞

2
 

 
Then: 
 



 

 

𝑝 = −3 ∫ 𝑑𝜏 = −3𝜏 + 𝐶1 

 
𝑞 = 𝐶2 

 

𝑦 = − ∫
𝑑𝜏

2√𝑞
= −

𝜏

2√𝑞
+ 𝐶3 = −

𝜏

2√𝐶2

+ 𝐶3 

 

𝑥 = ∫
𝑑𝜏

2√𝑝
= ∫

𝑑𝜏

2√3𝜏 + 𝐶1

= −
1

6
√3𝜏 + 𝐶1 + 𝐶4 

 

𝑧 = ∫
√𝑝 − √𝑞

2
𝑑𝜏 = ∫

√3𝜏 + 𝐶1 − √𝐶2

2
𝑑𝜏 = −

1

9
(−3𝜏 + 𝐶1)3/2 −

1

2
𝜏√𝐶2 + 𝐶5 

 

√3𝜏 + 𝐶1 = 6(𝐶4 − 𝑥)   ;    𝜏 = 2√𝐶2(𝐶3 − 𝑦) 

 
𝑧 = −24(𝐶4 − 𝑥)3 − 𝐶2(𝐶3 − 𝑦) + 𝐶5 

 

Answer: 𝑧 = 24(𝑥 − 𝑐1)3 + 𝑐2𝑦 + 𝑐3;     𝑐2 = 𝑞. 

 
 
 

Reference:  
E. A. Kuznetsov, D. A. Shapiro, Methods of Mathematical Physics, Part I, Chapter 2, 2011. 
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