
 

 

Answer on Question #66333 – Math  – Differential Equations 

Question 

Verify that the pfaffian differential equation yz dx+ (x^2y-zx) dy +(x^2z-xy) dz = 0 is integrable 

and hence find its integral. 

Solution 

We have  

𝑦𝑧𝑑𝑥 + (𝑥2𝑦 − 𝑧𝑥)𝑑𝑦 + (𝑥2𝑧 − 𝑥𝑦)𝑑𝑧 = 0 

General form of the Pfafffian equation is 

𝑃𝑑𝑥 + 𝑄𝑑𝑦 + 𝑅𝑑𝑧 = 0 

The integrability condition for the Pfaffian equation is [1, page 384] 

(curl𝐹, 𝐹) = 0 

where 𝐹 = (𝑃, 𝑄, 𝑅), or 

𝑃 (
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−
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Verify this condition for the given equation. We get 

𝑃 (
∂𝑄

∂𝑧
−
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∂𝑦
) + 𝑄 (
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∂𝑃

∂𝑦
−
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) = 

= 𝑦𝑧(−𝑥 + 𝑥) + (𝑥2𝑦 − 𝑧𝑥)(2𝑥𝑧 − 𝑦 − 𝑦) + (𝑥2𝑧 − 𝑥𝑦)(𝑧 − 2𝑥𝑦 + 𝑧) =  

= 2𝑥(𝑥𝑦 − 𝑧)(𝑥𝑧 − 𝑦) + 𝑥(𝑥𝑧 − 𝑦)2(𝑧 − 𝑥𝑦) = 0  

The integrability condition for this equation hold.  

If the Pfaffian equation is multiplied by a certain function 𝜇(𝑥, 𝑦, 𝑧) then one can obtain in the 

left-hand side the total differential 
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∂𝑦
𝑑𝑦 +
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∂𝑧
𝑑𝑧 = 𝑑𝑢 = 0 

That gives the solution of the Pfaffian equation 𝑢 = 𝑐𝑜𝑛𝑠𝑡 

multiply the original equation by 
1

𝑥2
. We get 
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Finally we get solution 

−
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2
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2
= 𝐶 

Answer: The differential equation is integrable. The integral of the original equation is 

−
𝑦𝑧

𝑥
+
𝑦2

2
+
𝑧2

2
= 𝐶 
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