
 

 

ANSWER ON QUESTION #66145 – Math –  Differential Equations 

 

QUESTION 

Given that 𝑦1 =
1

𝑥
 is one solution of the differential equation 

2𝑥2𝑦" + 3𝑥𝑦′ − 𝑦 = 0, 𝑥 > 0, 

find a second linearly independent solution of the equation.  

 

SOLUTION 

We transform the original equation to the form 

𝑦′′ + 𝑝(𝑥)𝑦′ + 𝑞(𝑥)𝑦 = 0 

2𝑥2𝑦" + 3𝑥𝑦′ − 𝑦 = 0 |:
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𝑦 = 0              (1) 

𝑦1(𝑥) =
1

𝑥
  is the first solution of the differential equation (1) 

Using the Liouville formula ( https://en.wikipedia.org/wiki/Liouville%27s_formula ) 

we can find a second solution: 

𝑦2(𝑥) = 𝑦1∫
𝑒−∫𝑝(𝑥)𝑑𝑥

𝑦1
2 𝑑𝑥 =

1

𝑥
∫
𝑒−∫

3
2𝑥
𝑑𝑥

1
𝑥2

𝑑𝑥 =
1

𝑥
∫𝑥2𝑒−

3
2
ln(𝑥) 𝑑𝑥 

=
1

𝑥
∫𝑥2𝑒ln (𝑥

−
3
2) 𝑑𝑥 =

1

𝑥
∫𝑥2𝑥−

3
2 𝑑𝑥 =

1

𝑥
∫𝑥2−

3
2 𝑑𝑥 =

1

𝑥
∫𝑥

1
2 𝑑𝑥 

https://en.wikipedia.org/wiki/Liouville%27s_formula


 

 

=
1

𝑥
∙
𝑥
1
2+1

1

2
+1
=
1

𝑥
∙
𝑥
3
2

3

2

=
2

3
∙
𝑥
3
2

𝑥
=
2

3
∙ 𝑥

1

2 ≡
2√𝑥

3
. 

ANSWER: 

𝑦2(𝑥) =
2√𝑥

3
  is a second linearly independent solution of the equation   
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