Answer on Question #65690 — Math — Linear Algebra

Question

Let V be a vector space over afield FandletT : V — V be alinear operator.
Show T(W) < W for any subspace W of V if and only if thereisa A € F such that
Tv = Avforallv € V.

Solution

Necessity. Assume that T : V — V be alinear operatorand T(W) < W for any
subspace W of V. Consider any vector v € V. By assumption, the subspace image

T((v)) c (v) is a subset of the subspace.
Thus, the definition of (v) implies that

Tv = Av
forsome A € F.

Sufficiency. AssumethatT : V — V be alinear operator and forallv € V
there exists A € F:
Tv = Av.
Suppose further W is subspace of V.andw € W.
From the definition of a linear space, the assumption implies that there exists A € F:
Tw=AweWw.
So T(W) c W.
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