
 

 

Answer on Question #65690 – Math – Linear Algebra 

Question 

Let 𝑉 be a vector space over a field 𝐹 and let 𝑇 ∶  𝑉 →  𝑉 be a linear operator.  

Show 𝑇(𝑊)  ⊂  𝑊 for any subspace 𝑊 of 𝑉 if and only if there is a 𝜆 ∈  𝐹 such that 

 𝑇𝑣 =  𝜆𝑣 for all 𝑣 ∈  𝑉 . 

Solution 

 Necessity. Assume that   𝑇 ∶  𝑉 →  𝑉 be a linear operator and 𝑇(𝑊)  ⊂  𝑊 for any 

subspace 𝑊 of 𝑉. Consider any vector 𝑣 ∈  𝑉. By assumption, the subspace image 

 𝑇(〈𝑣〉) ⊂ 〈𝑣〉 is a subset of the subspace.  

Thus, the definition of 〈𝑣〉 implies that 

𝑇𝑣 =  𝜆𝑣 

for some 𝜆 ∈  𝐹. 

           Sufficiency.  Assume that 𝑇 ∶  𝑉 →  𝑉 be a linear operator and for all 𝑣 ∈  𝑉    
there exists 𝜆 ∈  𝐹: 

𝑇𝑣 =  𝜆𝑣. 
Suppose further 𝑊 is subspace of 𝑉 and 𝑤 ∈ 𝑊.  
From the definition of a linear space, the assumption implies that there exists 𝜆 ∈  𝐹: 

𝑇𝑤 = 𝜆𝑤 ∈ 𝑊. 
So  𝑇(𝑊)  ⊂  𝑊. 
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