
 

 

Answer on Question #64245 – Math – Differential Equations 

Question 

Taylor’s expansion of 𝑓(𝑥) = 𝑆𝑖𝑛 𝑥 at 𝑥 = 0. 

 

Solution 

By the definition, Taylor expansion is given by 

𝑓(𝑥) = ∑
𝑓(𝑛)(𝑎)(𝑥−𝑎)𝑛

𝑛!
∞
𝑛=0 , 

where 𝑎 is a point where the expansion is evaluated,  

𝑛! = 1 ∙ 2 ∙ ⋯ ∙ 𝑛 is the factorial of 𝑛, 

𝑓(𝑛)(𝑎) is the 𝑛th derivative of 𝑓 evaluated at the point 𝑎. 

In this problem 

 𝑓(𝑥) = sin(𝑥), 𝑓(𝑛)(𝑎) = sin (𝑎 +
𝑛𝜋

2
), 𝑎 = 0, 

 𝑓(𝑛)(0) = sin (
𝑛𝜋

2
) = {

1, 𝑖𝑓 𝑛 = 4𝑚 + 1, 𝑚 𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑒𝑟,
0, 𝑖𝑓 𝑛 = 2𝑚,        𝑚 𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑒𝑟,

−1, 𝑖𝑓 𝑛 = 4𝑚 + 3, 𝑚 𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑒𝑟.
 

In other words, the derivatives of even degree are zero. 

General formula of expansion of 𝑓(𝑥) = sin 𝑥 at 𝑥 = 0: 

sin  𝑥 = ∑
(−1)𝑛

(2𝑛 + 1)!
𝑥2𝑛+1 = 𝑥 −

𝑥3

3!

∞

𝑛=0

+
𝑥5

5!
− ⋯ 

Answer: sin  𝑥 = ∑
(−1)𝑛

(2𝑛+1)!
𝑥2𝑛+1 = 𝑥 −

𝑥3

3!
∞
𝑛=0 +

𝑥5

5!
− ⋯ 
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