Answer on Question #62622 — Math — Linear Algebra
D. Solving a System of Linear Equation.
Direction: Use an inverse matrix to solve each system of linear equation.

Question
1. ()
{x + 2y =—1;
x — 2y = 3.
Solution
M 27+ _0MM.»_1"1
A= [1 —2]’X_ [y]'B N [ 3 ]
The system
AX = B (1)
IS given.
Using the inverse A~ of the matrix A find
X =A"1B.
Next,
detA = H _22| =1-(-2)—1:2=—-4%0=> A1 exists.

Find the minors M;; and the cofactors C;; of the matrix A:
My, =
Ciz = (_1)1+2M12 = =My, =-1,03 = (—1)2+1M21 = =M, = -2,
Cyz = (—1)2+2M22 =M, =1.
Write the matrix of cofactors:
_[Ciq C12] -2 -1
¢= [621 2 il
The transposed matrix of cofactors:
€1 C -2 -2
T __ 11 21 —
¢ = [612 sz] [—1 1 ]
Find the inverse matrix:

-2 =21 1 1
1 L2 -21_|=4 =4|_|2 2
-1 _ T — __. — =
A =gt T [—1 1] -1 171
_ _ —4 —41 14
Then the solution of the system (1) is
1 ( 1)+1 3' I 1
Xz[x]zA_lB_z [1] 2 2 2t
y 1 1 1) 1 3 1
4 4 4 4
Answer: x =1,y = —1.

—2,My; =1, My; =2, My, = 1,04 = (—1)1+1M11 =M, = -2,
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Question

1. (b)
{x + 2y = 10;
x — 2y = —6.
Solution

=} Zlx-[la-[)

The system

AX =B (2)
IS given.
Using the inverse A~ of the matrix 4 find

X =A"'B.
Next,

detd = H _22| =1-(-2)—1:2=—-4%0=> A" exists.
Find the minors M;; and the cofactors C;; of the matrix A:
My, =-2,M, =1, Myy =2, My, =1,(C1 = (_1)1+1M11 =M;; = -2,
Ciz = (_1)1+2M12 =—-M;, =-1,0; = (_1)2+1M21 =—-M,, = -2,
Cyp = (_1)2+2M22 = M,, = 1.
Write the matrix of cofactors:
_[Gi1 C12] -2 -1
¢= [Cz1 Coal [—2 1 ]
The transposed matrix of cofactors:
C C -2 =2
T _ 11 21 —
¢ = [C12 sz] [—1 1 ]
Find the inverse matrix:

-2 =2 1 1
1 lr—2 -21_|=4 =4|_|2 2
—1_ . T:__ e =
A=t 4[—1 1] -1 1(7f1 1
_ _ —4 -4l 14
Then the solution of the system (2) is
1 1 1 1O+1 (=6) 10 6
X:[x]:A_l_Bz 2 2 _[10]: 2 2 _2 2 :[2
y 1 1| -6 1 10 1 6) 10+6 41
4 4 4 4( 4 4
Answer: x = 2,y = 4.
Question
2. (a)
{2x—y=—3;
2x+y=7.
Solution

1=l Jx=fle=[7)

The system



AX = B (3)

IS given.
Using the inverse A~1 of the matrix A find
X =A"'B.
Next,
detA = |§ _11| =2-1—(-1):2=4+#0=> A lexists.

Find the minors M;; and the cofactors C;; of the matrix A:

My =1, My, =2,My; = =1, My, =2,Cy4 = (— 1)1+1M11 =M;; =1,
Ciz = (_1)1+2M12 =—M;; ==2,Cp = (- 1)2+le1 —M;;, =1,
Cyy = (_1)2+2M22 = My, = 2.

Write the matrix of cofactors:

c-[22 8-k 7

. C21 CZZ
The transposed matrix of cofactors:
cT = Ci1 C21] _ [ 1 1
_ _ _ Ciz Gy -2 2
Find the inverse matrix:
1 17 1 1
-1 14 4|_]14 4
4 detA 4[ ] _E__l 1y
4. 2
Then the solution of the system (3) is
Lz 3 + -7 > + ’
x=[|=aB=]* 4 3] ( ) _| 4 4=
y 1 1 3) + . 3 N 7
2 2 ( 2 2
Answer:x =1,y =5.
Question
2. (b)
{Zx —y=-1
2x +y=-3.
Solution
12 114 _ ™., _[1
A= [2 1 ]'X_ [y]'B N [—3]'
The system
AX = B (4)
IS given.
Using the inverse A~ of the matrix A find
X =A"'B.
Next,
detd = |2 _11| =21—(-1):2=4 %0 => A lexists.

Find the minors M;; and the cofactors C;; of the matrix A:



My =1, My, =2, My = =1, My, = 2,64 = (—1)1+1M11 = M;; =1,
Ciz = (—1)1+2M12 =My =-2,05 = (—1)2+1Mz1 = —M,, =1,
Cyp = (—1)2+2M22 = My, = 2.

Write the matrix of cofactors:

c=[ar &=

621 CZZ
The transposed matrix of cofactors:
cT = C11 C21] _ [ 1 1
Ciz Cp -2 2
Find the inverse matrix:
1 17 1 1
1 1 11_14 4|_|4 4
4 detA [ 2]_—2 27| 1 1y
4 4. 2
Then the solution of the system (4) is
11 sty ] 13
=[X]=A‘1B= 4 4\_[—1= 4( )+4( _ 44| _
y 1 1 1 1 1 3
"2 2 T (DA D] 1273
-
-1
Answer: x = -1,y =
Question
3. (a)
X+2y+z=2;
{ xX+2y—z=4
xX—2y+z=-2
Solution
1 2 1 X 2
A=11 2 -1 ;X=[)'];B= 4
1 -2 1 z -2
The system
AX = B (5)
IS given.
Using the inverse A~1 of the matrix A find
X =A1B.
Next,
1 2 1
detA=1|1 2 —1|=|expand along the first row |
HE R 1 -1 1
=15 Tl Tl 5=

=2-1--2)-(-D))-2-(1"1-1-(-D))+(1-(-2)—-1-2)=0—-4—-4=
= —8# 0 => A~ ! exists.
Find the minors M;; and the cofactors C;; of the matrix A:



My =|%, JY=21-¢2- D=0,
M, = 1 _11 =1-1-1-(-1) =2,

My, = 1 _22 —1-(=2)—1-2=—4,
M21=_22 }=2-1—(—2)-1=4,
M,, = i 1 —1-1-1-1=0,

M23=1 _22=1-(—2)—1-2=—4,
M31=§ _11=2-(—1)—2-1=—4,
M32=i _11=1-(—1)—1-1=—2,
My, = i ; =1-2-1-2=0,

€1 = (_1)1+1M11 =M1 =0,C = (_1)1+2M12 = —M;, = -2,
Ci3 = (_1)1+3M13 = M3 =—4,05 = (_1)2+1M21 = —M, = —4,
Cyr = (—1)2+2M22 = My, =0, (3 = (—1)2+3M23 = —M,; =4,
(31 = (—1)3+1M31 = M3, = —4,C5; = (—1)3+2M32 = —M;, =2,
C33 = (=1)°**M35 = M33 = 0.
Write the matrix of cofactors:
Ci1 G2 Gy 0 -2 -4
C= [C21 C22 C23] = [—4 0 4 ]
C31 C3p Cs3
The transposed matrix of cofactors:
Ci1 Gy C3q 0 -4 -4
T = [C12 Ca2 Csz} = [—2 0 2 ‘
Ciz (3 Cs3
Find the inverse matrix:

0 4 4
-8 —8 -8

P S B s A (N S R X B

detA 81", 4 ol |-8 =8 =8| |a

1

2

Then the solution of the system (5) is




_O L L _0 2 L 4 ! 2_
X 2 2 2 +2 +2( )
1 1 1 1 1
X=[3’]=A B=|- 0 ——=|'|4|=|-"240-4—=-(-2)
7 4 4 l—Z] 4 4
1 0 1-2—1-4+0-(—2)
L2 2 . L2 2 .
0+2-1 1
- |2 O+1 =11
2+ 2 l—l
1-2-0 )
Answer:x =1,y=1,z=-1
Question
3. (b)
x+2y+z=1;
{x+2y—z=3;
x—2y+z=-3.
Solution
1 2 1 X 1
A=11 2 -1 ;X=[}I];B= 3
1 -2 1 z -3
The system
AX = B (6)
IS given.
Using the inverse A~ of the matrix A find
X =A"1B.
Next,
1 2 1
detA=|1 2 —1|= |expand along the first row|
1 -2 1

412 -11_,. 11 -1 ] 2 _
=1 |—2 1| 2 |1 1|+1 |1 —2|_
=0—4—4=-8+0=>A"!exists.
Find the minors M;; and the cofactors C;; of the matrix A:

My =2, J=2-1-2-¢D=0,
M,, = } _11 —1-1-1-(=1)=2,

M,, = } _22 —1.(=2)—1-2=—4,
M21=_22 1:2-1—(—2)-1:4,
M,, = 1 1 —1-1-1-1=0,

M23=} _22=1-(—2)—1-2=—4,
M31=§ _11=2-(—1)—2-1=—4,



Ms, = |
M, = } §|=1-2—1-2=o,

1 — LR (— — L] —
_1|_1 (-1)—1-1=-2,

€1 = (_1)1+1M11 =M1 =0,C; = (_1)1+2M12 = —M;, = -2,
Ci3 = (_1)1+3M13 = M3 =—4,0; = (_1)2+1M21 = —M, = —4,
Cyp = (—1)2+2M22 = My, =0, (3 = (—1)2+3M23 = —M,; =4,
(31 = (—1)3+1M31 = M3, = —4,C5; = (—1)3+2M32 = —M;, =2,

Cs33 = (_1)3+3M33 = M35 = 0.
Write the matrix of cofactors:
Ci1 Cy2
C= [C21 C22
C31 C32
The transposed matrix of cofactors:
C11 C21
cT = [C12 sz
C13 C23
Find the inverse matrix:

0 —4

1 1

= ch = ——[—2 0
detA 8 _4 4

Then the solution of the system (6) is

11
i} 2 32
o 1
X=y]=A B=|= o —Z|
! 2 2
11
_2 2 |
042> 2
272 |,
S EPA] )
2 71
13,
272

Answer:x =0,y =1,z = —1.

E. Let A, B and C be:

1 2 -3 -1 2
A=(0 1 2|;B=]0 1
-1 2 0 1 2

0
2
-3

C31 0 —4 —4
C32]—[—2 0 2].
Cs3sl =4 4 0
0 —4 —41
8 s —g| |
=2 0o 2| |1
]_ -8 -8 -8| |4
—4 4 0 1
-8 -8 -8l L2

1

-3

|

1. Find an elementary matrix E such that EA=B
2. Find an elementary matrix E such that EC=A
3. Find an elementary matrix E such that EB=A

142342 (=3)]
2 °"3

1
140:3——-(=3
+0:3-2(=3)

1
1-5:3+0-(=3)

0 4 -3
;=10 1 2|
-1 2 0




Remark

Type |
0 1 0 0 1 0] [@11 Q12 Qi3] [A21 Q22 Q23
E;=11 0 O;E;A=1]1 0 0|X|[|A21 Q22 G23| =011 Qa2 a13].
0 0 1. (0 0 11 1431 Gazz d4szz] 1Az; dzz 0az3
Type Il
(1 0 O 1 0 0] [@11 Q12 @3] [@Qu1 G2 Qg3
Ex=10 1 O0|;E{A=10 1 0|X|Qxa G2 Q3| =|04a21 Az ‘123].
0 0 k 0 0 kIl lasy as; aszs] lkas; kas, kass
Type 11
(1 0 m 1 0 m a1 Q12 Q13
E;=(0 1 O|;E4A=]|0 1 O Xlazl az2 a23]=
0 0 1 0 0 1 31 dzz 0az3
a,; + mas; a,, +mas, a3+ mass
= az1 az2 az3 ]
azq aszz a33
Question
1. Let Aand B be
1 2 -3 -1 2 0
A=012;B=012‘.
-1 2 0 1 2 -3
Find an elementary matrix E such that EA=B
Solution
Type I: rowl and row3 of A are interchanged to get B.
0 0 1
E=|(0 1 O]
1 0 0
0 0 1 1 2 -3 -1 2 0
EA=10 1 OIX[O 1 2]=[0 1 2|=8B.
1 0 0 -1 2 0 1 2 -3
Thus, EA = B.
0 0 1
Answer: E =10 1 0].
1 0 0
Question

2. Let Aand C be
1 2 -3 0 4 -3
0o 1 2 ]; C = [ o 1 2|
-1 2 0 -1 2 0
Find an elementary matrix E such that EC=A

A=




Solution

Type I1I: m = —1 (subtract the third row of C from the first row of C to get A).

1 0 -1
E=|(0 1 0]
0 0 1
1 0 -1 0 4 -3 1 2 -3
EC=]10 1 O0|x|0 1 2]=[0 1 2 |=A
0O 0 1 -1 2 0 -1 2 0
Thus, EC = A.
1 0 -1
Answer: E=|(0 1 0]
0 0 1
Question
3. Let Aand B be
1 2 -3 -1 2 0
A=10 1 2|;B=|0 1 2].
-1 2 0 1 2 -3

Find an elementary matrix E such that EB=A.
Solution

Type I: rowl and row3 of B are interchanged to get A.

0O 0 1
E=10 1 O]
1 0 O
0O 0 1 1 2 1 2 -3
0 1 0] [ 1 ] [0 1 2 |=A
1 0 O 2 -3 -1 2 0
Thus, EB = A.
0 0 1
Answer: E=1|0 1 0].
1 0 O

F. Find the LU Factorization of the matrix.

Question

4,
1 o
A= [—2 1
Solution
Add twice rowl to row?2 in the Gauss elimination method:

2 ¥ =l 2o



According to (*), the inverse of B (1) IS _12 (1).

Let's multiply both sides of the equation (*) by this inverse (that is, by [_12 (1)]):
1 0 1 0 1 0 1

S Xy 4l ] 5 1=l

Simplify the previous formula and obtam the LU Factorization of the matrix A =
1 0].

)

A=[_12 (1) [12 (1)><[1 0] LU, where L = 12 (1)]U=[(1)

Answer: 12 1] [_ ] [(1)

Question
5.
-2 1
B= [—6 4]
Solution

Add (=3 X row1) to row?2 in the Gauss elimination method:

B I P B

Besides, the inverse of[ ]IS [3 1]
Let's multiply both sides of the equation (**) by this inverse (that is, by B (1)]):
1 0 1 1 0 —2
o [3 1% 1 [ ] E 1_]X_[o |
Simplify the previous formula and obtain the LU Factorization of the matrix B =
-2 1.
o 41. 171 _ 11 1 0 2 1
B=[_6 42]:1[3 ] [ 2]—1LU,WhereL=[3 1],U=[O 1].
Answer: _6 4] [3 1><[0 1
Question
6.
3 0 1
c=16 1 1
-3 1 0 _
Solution
Add (—2 X row1) to row?2 in the Gauss elimination method:
1 0 0 3 0 1 3 0 1
-2 1 0oIx|16 1 1|=]1]0 1 -1
0 0 1 -3 1 0 -3 1 0

Add (1 X row1) to row3 in the Gauss elimination method:
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EE?H“# mH —H

Add (—1 x rowz) to row3 in the Gauss ellmlnatlon method

1 0 1 0 0 0 1
0 1 0 1 0 2 1 0 1 =1 (**%)
0 -1 1 3 1 0 0 2

1 0 1
The inverse of
1 0 0
Let's multiply both sides of the equation (***) by this inverse (that is, by [0 1 0]):

100
0 1 0}
0—11 0 1 1

0 1 1
1 0 O 1 0 O 1 0 O 1 0 0 3 01
0 1 O|x]0 1 O0O|x]0 1 Ofx[|-2 1 0OfxX|]6 1 1|=
0 1 1 0 -1 1 1 0 1 0 0 1 -3 1 0

1 0 O 3 0 1
=0 1 O|x]|]0 1 -1]
0 1 1 0 0 2

Simplify:
1 0 0 1 0 0 3 0 1 1 0 0 3 0 1
0 1 le[—z 1 le 6 1 1]=[0 1 le[o 1 —1] (****)
1 0 1 0 0 1 -3 1 0 0 1 1 0 0 2
1 0 0 1 0 0
The inverse of [0 1 0 0 1 0].
1 0 1 -1 0 1
Let's multiply both sides of the equation (****) by this inverse (that is, by
1 0 0]
0 1 0}f):
—1 0 1]
1 0 0] [1 0 O
0O 1 0 X[O 1 0] -2 1 0] [ ]
-1 0 1l 1 0 1 3 1 0
1 0 1 0 0
=10 1 0 1 0] [ ]
-1 0 0 1 1
Simplify:
1 0 0 3 01 1 0 0 3 0 1
[—2 1 0><[6 1 1]=[0 1 leo 1 —1](*****)
0 0 1 -3 1 0 -1 1 1 0 0 2

1 0 O 1 0 O
The inverseof |—2 1 0|is |2 1 0]

0 0 1 0 0 1
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Let's multiply both sides of the equation (*****) by this inverse (that is, by

1 0 0]

2 1 0f):

0 0 1

(1 0 0] 1 0 O 3 0 1

2 1 0]X l—Z 1 0] X116 1 1] =

0 0 1 1 -3 1 0
1 0 O 3 0 1
2 1 0] [ 0 1 —1]
0O 0 1 1 1 1 0O 0 2

Slmpllfy the prewous formula and obtain the LU Factorization of the matrix

C = 6 1 1].
-3 1 0
3 0 1 1 0 O 3 0 1
C=16 1 1|=12 1 0|%x|0 1 -1|=1LU,
-3 1 0 -1 1 1 0O 0 2
1 0 O 3 0 1
whereL=12 1 0|, U=]|0 1 -1}
-1 1 1 0O 0 2
3 0 1 1 0 O 3 0 1
Answer:| 6 1 1|=|2 1 0|x|0 1 -1}
-3 1 0 -1 1 1 0O 0 2
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