
 

 

Answer on Question #62217 – Math – Calculus 

 

Show that for any vector field F 

∇∙(∇×F) = 0 

 

Solution 

If F = Pi +Q j+ Rk is a vector field in R3, then div curl F = 0. 

Using the definition of divergence and curl obtain:  
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𝜕

𝜕𝑥
 𝐢 +

𝜕

𝜕𝑦
 𝐣 + 

𝜕

𝜕𝑧
 𝐤 ) ∙|

𝐢 𝐣 𝐤
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑃 𝑄 𝑅

| = 

=( 
𝜕

𝜕𝑥
 𝐢 +

𝜕

𝜕𝑦
 𝐣 + 

𝜕

𝜕𝑧
 𝐤 ) ∙[(

𝜕𝑅

𝜕𝑦
−

𝜕𝑄

𝜕𝑧
) 𝐢 − (

𝜕𝑅

𝜕𝑥
−

𝜕𝑃

𝜕𝑧
) 𝐣 + (

𝜕𝑄

𝜕𝑥
−

𝜕𝑃

𝜕𝑦
) 𝐤]= 

=
𝜕

𝜕𝑥
(

𝜕𝑅

𝜕𝑦
−

𝜕𝑄

𝜕𝑧
) −

𝜕

𝜕𝑦
(

𝜕𝑅

𝜕𝑥
−

𝜕𝑃

𝜕𝑧
) +

𝜕

𝜕𝑧
(

𝜕𝑄

𝜕𝑥
−

𝜕𝑃

𝜕𝑦
) = (

𝜕2𝑅

𝜕𝑥𝜕𝑦
−

𝜕2𝑄

𝜕𝑥𝜕𝑧
) − (

𝜕2𝑅

𝜕𝑦𝜕𝑥
−

𝜕2𝑃

𝜕𝑦𝜕𝑧
) +

(
𝜕2𝑄

𝜕𝑧𝜕𝑥
−

𝜕2𝑃

𝜕𝑧𝜕𝑦
) = (

𝜕2𝑅

𝜕𝑥𝜕𝑦
−

𝜕2𝑅

𝜕𝑦𝜕𝑥
) + (

𝜕2𝑄

𝜕𝑧𝜕𝑥
−

𝜕2𝑄

𝜕𝑥𝜕𝑧
) + (

𝜕2𝑃

𝜕𝑦𝜕𝑧
−

𝜕2𝑃

𝜕𝑧𝜕𝑦
) = 0 + 0 + 0 = 

= 0, because the distributive property was applied,  

𝐢 ∙  𝐢 = 𝐣 ∙ 𝐣 = 𝐤 ∙ 𝐤 = 1, 𝐢 ∙  𝐣 = 𝐢 ∙  𝐤 = 𝐣 ∙ 𝐢 = 𝐣 ∙ 𝐤 = 𝐤 ∙ 𝐢 = 𝐤 ∙ 𝐣 = 0  and 

by Clairaut's heorem (or Schwarz’s theorem), terms can be reduced because 

of the symmetry of second derivatives. 
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