
 

 

Answer on Question #62033 – Math – Geometry 
 

Question 
 

Calculate the volume of the tetrahedron whose vertices are the points A = (3, 2, 
1), B = (1, 2, 4), C = (4, 0, 3) and D = (1, 1, 7). 
 

Solution 

The absolute value |(𝑎⃗ × 𝑏⃗⃗) ∙ 𝑐| of the scalar triple product of vectors 𝑎⃗, 𝑏⃗⃗,  𝑐  is 

the volume of the parallelepiped spanned by 𝑎⃗, 𝑏⃡ and 𝑐. A tetrahedron is a pyramid, 
so the formula for the volume is 

𝑉 =
1

3
𝐴ℎ, 

where 𝐴 is base area (area triangle), ℎ is a height of pyramid. The basis of the 
parallelepiped is a parallelogram, whose area is twice the area of the triangle 
formed by the same vectors. The height of the pyramid and parallelepiped built on 
the same vectors are the same.  
Hence 

|(𝑎⃗ × 𝑏⃗⃗) ∙ 𝑐| = 6𝑉𝑡𝑒𝑡𝑟𝑎ℎ𝑒𝑑𝑟𝑜𝑛 

and 

𝑉𝑡𝑒𝑡𝑟𝑎ℎ𝑒𝑑𝑟𝑜𝑛 =
1

6
|(𝐴𝐵⃗⃗⃗⃗ ⃗⃗ × 𝐴𝐶⃗⃗⃗⃗⃗⃗ ) ∙ 𝐴𝐷⃗⃗ ⃗⃗ ⃗⃗ |. 

 

Vectors 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ , 𝐴𝐶⃗⃗⃗⃗⃗⃗ , 𝐴𝐷⃗⃗ ⃗⃗ ⃗⃗  are given as follows: 

𝐴𝐵⃗⃗⃗⃗ ⃗⃗ = (𝑥𝐵 − 𝑥𝐴, 𝑦𝐵 − 𝑦𝐴, 𝑧𝐵 − 𝑧𝐴) = (1 − 3,2 − 2,4 − 1) = (−2,0,3);  

𝐴𝐶⃗⃗⃗⃗⃗⃗ = (𝑥𝐶 − 𝑥𝐴, 𝑦𝐶 − 𝑦𝐴, 𝑧𝐶 − 𝑧𝐴) = (4 − 3,0 − 2,3 − 1) = (1, −2,2);  

𝐴𝐷⃗⃗ ⃗⃗ ⃗⃗ = (𝑥𝐷 − 𝑥𝐴, 𝑦𝐷 − 𝑦𝐴, 𝑧𝐷 − 𝑧𝐴) = (1 − 3,1 − 2,7 − 1) = (−2, −1,6).  
 

The scalar triple product (𝐴𝐵⃗⃗⃗⃗ ⃗⃗ × 𝐴𝐶⃗⃗⃗⃗⃗⃗ ) ∙ 𝐴𝐷⃗⃗ ⃗⃗ ⃗⃗  is 

(𝐴𝐵⃗⃗⃗⃗ ⃗⃗ × 𝐴𝐶⃗⃗⃗⃗⃗⃗ ) ∙ 𝐴𝐷⃗⃗ ⃗⃗ ⃗⃗ = |
−2 0 3
1 −2 2

−2 −1 6
| = (−2) ∙ (−2) ∙ 6 + 0 ∙ 2 ∙ (−2) + 

+1 ∙ (−1) ∙ 3 − (−2) ∙ (−2) ∙ 3 − (−1) ∙ 2 ∙ (−2) − 1 ∙ 0 ∙ 6 = 24 + 0 − 3 −
−12 − 4 − 0 = 24 − 19 = 5, 
hence 

|(𝐴𝐵⃗⃗⃗⃗ ⃗⃗ × 𝐴𝐶⃗⃗⃗⃗⃗⃗ ) ∙ 𝐴𝐷⃗⃗ ⃗⃗ ⃗⃗ | = 5. 

Therefore, the volume of the tetrahedron equals 

𝑉𝑡𝑒𝑡𝑟𝑎ℎ𝑒𝑑𝑟𝑜𝑛 =
1

6
∙ 5 =

5

6
. 

Answer:  
5

6
. 
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