Answer on Question #61910 — Math — Linear Algebra

Question

Apply the Gram-Schmidt diagonalisation process to find an orthonormal basis for
the subspace of C*4 generated by the vectors

{(1,-i,0,1),(-1,0, i,0),(-i,0,1,-1)}.

Solution

Forvectorsin C*: <x,y >= x;9; + %, ¥, + X3V3 + X4V,
Basis:
u, =v; =(1,-30,1);
<uju >=124+12+02+1%2=3;
lugll = V{ug, uq) = V3;
v, = (—1,0,i,0);
<vyu >=-1-1+0-i+i-0+0-1=-1;
_ _ . _ _ <vuy> - [ . _ _1 . _
Uy = Vy — Projy, Vp = Uy u, =(—=1,0,i,0) — ( 3)(1, 1,0,1)=

<uq,uq>

=(-145 0-503) = (=5 -3.03)

2
<tz > (3) ( ) () =5=3
izl = o5

<173,u1>=—l'1+0'l+1'0+(—1)'1=—i—1=—(i+1);

<v3,u2>=—i-(—%)+0-§+1-(—i)+(—1)-%=—é—%:—”Tl;
. . <vz,u,> <v3,Uy> .
U3 = V3 — Projy, V3 — Projy, Vs = V3 — <ui’u11>u1 — <uz u;uz = (-i,0,1,—-1) +
(-0, + 25 (-2, —5,03) = (<01, D) + 5 (1,-5,01) +
3
+ﬂ( 2, 1311)—(—l+ﬂ—211;2,0 ><ﬂ—l><ﬂ 140+ 3iX

i+1 i+1 l+1) ( 15i4+5i+5-2i—2 —5i%—5i—i? i24+i —15+51+5+l+1) .

E_1++_+ 15 ’ 15 '1+ 5 7 15



_ (—12i+3 6—6i0 4+i 6i—9) . (1—4i 2-20 4+i 2i—3)_
15 ’ 15 " 5 7 15 5 ' 5 5’ 5 )
<U3,u3 >=

=%((1—4i)(1+4i)+(2—2i)(2+2i)+(4—i)(4+i)
+2i-3)2i+3)) =
= —(1+16+4+4+16+1-4-9) ==;

29 V29
lusll = VSus, uz) = |- =—.

Checking:
2 i .1 . 2 1 1
(uz,ul) = (—5,—§,l,§) ' (1,—l,0,1) = —§+§+§ - 0,
1-4i 2-2i0 4+i 2i-3 . 1 . . . .
(u3,u1) = (T,T,T,T) ' (1,—l, 0,1) = E(l — 4 + 1(2 — 2l) + (Zl — 3)) =

1—-4i 2-2i 4+i 2i—3) . (—%,—é,i,g) _ 1_15(_2(1 _ 41) + l(z _ Zl) _
—3i(4+ )+ (2i—3)) = 0.

So vectors uy, u,, u; are orthogonal.

Orthonormal basis:

Ug

1 . 1 L 1
- T - \/—5(1, -, 011) - (ﬁ)_ﬁ) O;ﬁ)

€1

e—u2—3(2 il.l)_( 2 i 3i 1)
2 7 luall A5\ 3" 3"73) 7 V15’ 15’15’ V15
_uz; _ 5 (1—4i 2-2i 4+i —3+2i) _ (1—41‘ 2-2i 4+i —3+2i)

Cn = = — it
3 7 lusll  v29\ 5 ' 5 "5’ 5 V29 ' 29 'V29’ /29

Answer: {(% —%, 0%) ’ (—\/i—s —\/;—5\/3;%\/1—5) ’ (1\/_;91"2\/_2—291"3:—;'_3:_:1')}'
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