
 

 

Answer on Question #61910 – Math – Linear Algebra 

Question 

Apply the Gram-Schmidt diagonalisation process to find an orthonormal basis for 
the subspace of C^4 generated by the vectors 

 
{(1,−i,0,1),(−1,0, i,0),(−i,0,1,−1)}. 

 

  

Solution 

 

For vectors in 𝐶4 ∶   < 𝑥, 𝑦 >= 𝑥1�̅�1 + 𝑥2�̅�2 + 𝑥3�̅�3 + 𝑥4�̅�4, 

Basis: 

 𝑢1 = 𝑣1 = (1, −𝑖, 0,1);  

< 𝑢1, 𝑢1 >= 12 + 12 + 02 + 12 = 3; 

‖𝑢1‖ = √〈𝑢1, 𝑢1〉 = √3; 

𝑣2 = (−1,0, 𝑖, 0); 

< 𝑣2, 𝑢1 >= −1 ∙ 1 + 0 ∙ 𝑖 + 𝑖 ∙ 0 + 0 ∙ 1 = −1; 

 𝑢2 = 𝑣2 − 𝑝𝑟𝑜𝑗𝑢1
𝑣2 = 𝑣2 −

<𝑣2,𝑢1>

<𝑢1,𝑢1>
𝑢1 = (−1,0, 𝑖, 0) − (−

1

3
)(1, −𝑖, 0,1)= 

 = (−1 +
1

3
, 0 −

𝑖

3
, 𝑖,

1

3
) = (−

2

3
, −

𝑖

3
, 𝑖,

1

3
); 

< 𝑢2, 𝑢2 >= (−
2

3
)

2
+ (−

1

3
)

2
+ 12 + (

1

3
)

2
=

15

9
=

5

3
; 

‖𝑢2‖ = √〈𝑢2, 𝑢2〉 = √
5

3
; 

< 𝑣3, 𝑢1 >= −𝑖 ∙ 1 + 0 ∙ 𝑖 + 1 ∙ 0 + (−1) ∙ 1 = −𝑖 − 1 = −(𝑖 + 1); 

< 𝑣3, 𝑢2 >= −𝑖 ∙ (−
2

3
) + 0 ∙

𝑖

3
+ 1 ∙ (−𝑖) + (−1) ∙

1

3
= −

𝑖

3
−

1

3
= −

𝑖+1

3
; 

 𝑢3 = 𝑣3 − 𝑝𝑟𝑜𝑗𝑢1
𝑣3 − 𝑝𝑟𝑜𝑗𝑢2

𝑣3 = 𝑣3 −
<𝑣3,𝑢1>

<𝑢1,𝑢1>
𝑢1 −

<𝑣3,𝑢2>

<𝑢2,𝑢2>
𝑢2 = (−𝑖, 0,1, −1) +

+
𝑖+1

3
(1, −𝑖, 0,1) +

𝑖+1

3×
5

3

(−
2

3
, −

𝑖

3
, 𝑖,

1

3
) = (−𝑖, 0,1, −1) +

𝑖+1

3
(1, −𝑖, 0,1) +

+
𝑖+1

15
(−2, −𝑖, 3𝑖, 1) = (−𝑖 +

𝑖+1

3
−

2𝑖+2

15
, 0 − 𝑖 ×

𝑖+1

3
− 𝑖 ×

𝑖+1

15
, 1 + 0 + 3𝑖 ×

𝑖+1

15
, −1 + +

𝑖+1

3
+

𝑖+1

15
) = (

−15𝑖+5𝑖+5−2𝑖−2

15
,

−5𝑖2−5𝑖−𝑖2−𝑖

15
, 1 +

𝑖2+𝑖

5
,

−15+5𝑖+5+𝑖+1

15
) = 



 

 

= (
−12𝑖+3

15
,

6−6𝑖

15
,

4+𝑖

5
,

6𝑖−9

15
) = (

1−4𝑖

5
,

2−2𝑖

5
,

4+𝑖

5
,

2𝑖−3

5
); 

< 𝑢3, 𝑢3 >=

=
1

52
((1 − 4𝑖)(1 + 4𝑖) + (2 − 2𝑖)(2 + 2𝑖) + (4 − 𝑖)(4 + 𝑖)

+ (2𝑖 − 3)(2𝑖 + 3)) = 

=
1

25
(1 + 16 + 4 + 4 + 16 + 1 − 4 − 9) =

29

25
; 

‖𝑢3‖ = √〈𝑢3, 𝑢3〉 = √
29

25
=

√29

5
. 

Checking: 

 〈𝑢2, 𝑢1〉 = (−
2

3
, −

𝑖

3
, 𝑖,

1

3
) ∙ (1, −𝑖, 0,1) = −

2

3
+

1

3
+

1

3
= 0; 

 〈𝑢3, 𝑢1〉 = (
1−4𝑖

5
,

2−2𝑖

5
,

4+𝑖

5
,

2𝑖−3

5
) ∙ (1, −𝑖, 0,1) =

1

5
(1 − 4𝑖 + 𝑖(2 − 2𝑖) + (2𝑖 − 3)) =

= 0; 

 〈𝑢3, 𝑢2〉 = (
1−4𝑖

5
,

2−2𝑖

5
,

4+𝑖

5
,

2𝑖−3

5
) ∙ (−

2

3
, −

𝑖

3
, 𝑖,

1

3
) =

1

15
(−2(1 − 4𝑖) + 𝑖(2 − 2𝑖) −

−3𝑖(4 + 𝑖) + (2𝑖 − 3)) = 0. 

   So vectors 𝑢1, 𝑢2, 𝑢3 are orthogonal. 

 

Orthonormal basis: 

 𝑒1 =
𝑢1

||𝑢1||
=

1

√3
(1, −𝑖, 0,1) = (

1

√3
, −

𝑖

√3
, 0,

1

√3
) 

 𝑒2 =
𝑢2

||𝑢2||
= √

3

5
(−

2

3
, −

𝑖

3
, 𝑖,

1

3
) = (−

2

√15
, −

𝑖

√15
,

3𝑖

√15
,

1

√15
) 

 𝑒3 =
𝑢3

||𝑢3||
=

5

√29
(

1−4𝑖

5
,

2−2𝑖

5
,

4+𝑖

5
,

−3+2𝑖

5
) = (

1−4𝑖

√29
,

2−2𝑖

√29
,

4+𝑖

√29
,

−3+2𝑖

√29
). 

Answer: {(
1

√3
, −

𝑖

√3
, 0,

1

√3
) , (−

2

√15
, −

𝑖

√15
,

3𝑖

√15
,

1

√15
) , (

1−4𝑖

√29
,

2−2𝑖

√29
,

4+𝑖

√29
,

−3+2𝑖

√29
)}. 
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