
 

 

Answer on Question #61909 – Math – Linear Algebra 

Question 

Let T : P1 → P2 be defined by 

T(a+bx) = b+ax+(a−b)x^2. 

Check that T is a linear transformation. Find the matrix of the transformation with respect to the 

ordered bases B1 = {1,x} and B2 = {x^2,x^2+x,x^2+x+1}. Find the kernel of T. Further check that the 

range of T is {a+bx+cx^2 ∈ P2 | a+c = b}. 

 

Solution 

Let 𝑇(𝑎 + 𝑏𝑥) = 𝑏 + 𝑎𝑥 + (𝑎 − 𝑏)𝑥2, then  𝑇(𝑎𝑐 + 𝑏𝑑𝑥)  =  𝑏𝑑 + 𝑎𝑐𝑥 + (𝑎𝑐 − 𝑏𝑑)𝑥2, 

𝑐𝑇(𝑎) + 𝑑(𝑇(𝑏𝑥)) = 𝑐(𝑎𝑥 + 𝑎𝑥2) + 𝑑(𝑏 − 𝑏𝑥2) = 𝑏𝑑 + 𝑎𝑐𝑥 + (𝑎𝑐 − 𝑏𝑑)𝑥2 = 𝑇(𝑎𝑐 + 𝑏𝑑𝑥)  

So, T is a linear transformation. 

 If 𝐵1 = {1, 𝑥} = {(
1
0

) , (
0
1

)} and 𝐵2 = {𝑥2, 𝑥2 + 𝑥, 𝑥2 + 𝑥 + 1} = {(
1
0
0

) , (
0
1
0

) , (
0
0
1

)}, then  

𝑇 ((
1
0

)) = 𝑇(1 + 0 ∙ 𝑥) = 𝑥 + 𝑥2 = 0 ∙ 𝑥2 + 1 ∙ (𝑥2 + 𝑥) + 0 ∙ (𝑥2 + 𝑥 + 1) = 1 ∙ (
0
1
0

) = (
0
1
0

) ; 

𝑇 ((
0
1

)) = 𝑇(0 + 1 ∙ 𝑥) = 1 − 𝑥2 = −𝑥2 − (𝑥2 + 𝑥) + (𝑥2 + 𝑥 + 1) = − (
1
0
0

) − (
0
1
0

) + (
0
0
1

) = (
−1
−1
1

). 

The matrix of the transformation 𝑇 is  𝐴 = (
0 −1
1 −1
0 1

). 

The following system determines the kernel of 𝑇: 

(
0 −1
1 −1
0 1

) (
𝑎
𝑏

) = (
0
0
0

) → −𝑏 = 0; 𝑏 = 0; 𝑎 − 𝑏 = 0 → {
𝑎 = 0
𝑏 = 0

. 

Thus, the kernel is 𝐾𝑒𝑟 = (
0
0

) , which is the same as 0 + 0 ∙ 𝑥 = 0. 

The range is  𝑇(𝛼 + 𝛽𝑥) =  𝛽 + 𝛼𝑥 + (𝛼 − 𝛽)𝑥2 =  𝑎 + 𝑏𝑥 + 𝑐𝑥2, 

where 𝑎 = 𝛽; 𝑏 = 𝛼; 𝑐 = 𝛼 − 𝛽. 

Thus, 𝑎 + 𝑐 = 𝛽 + 𝛼 − 𝛽 = 𝛼 = 𝑏 and the range is {𝑎 + 𝑏𝑥 + 𝑐𝑥2 ∈ 𝑃2|𝑎 + 𝑐 = 𝑏}. 

Answer: (
0 −1
1 −1
0 1

), 0, {𝑎 + 𝑏𝑥 + 𝑐𝑥2 ∈ 𝑃2|𝑎 + 𝑐 = 𝑏}.   
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