Answer on Question #61896 — Math — Linear Algebra

Question

Let (x1, x2, x3) and (y1, y2, y3) represent the coordinates with respect to the bases
B1 ={(1,0,0),(0,1,0),(0,0,1)}, B2 = {(1,0,0),(0,1,2),(0,2,1)}.
If Q(X) = 2x21 +2x1x2 —2x2x3 +x22 +x23, find the representation of Q in terms of (y1, y2, y3).

Solution
Given bases:

x1 =(1;0;0)
B;:{ x, =(0;1;0)
x3 = (0;0;1)
y1 =(1;0;0)
By: 4y, =(0;1;2)
y3 = (0;2;1)

and the following polynomial:
Q(x) = 2x% + 2x1x, — 2x,%3 + x5 + x2, (1)

let’s express variable “x” in terms of “y”:

Yy1=x y1i=Xx N

Ry;<R;—2R3 Ry Ry +(-3) 2 !

Y2 = Xp +2x3 =—=—==V2 — 2Y3 = 3N =———={X =3V3~ ;)2

Y3 = 2X3 + X3 V3= 2x3 + x3 2%y + X3 = Y3
X1 =Y X1=NN

«—R3— 2 1 2 .

R3—R3—2R, X2 =3V3— 3YV2 ) X2 =3V )2 (2)
X3 =Yz — §y3 + §y2 X3 = 5}’2 - 5}’3
Method 1

Substituting expressions for x4, x,, x3 from (2) into (1)
Q(x) = 2x% + 2x1X5 — 2x,%5 + x2 + x5 = 2x3 + 2x1%, + (x, — x3)? =

5 2 1 2 1 2 1 y? , 4 2 "
= 2y7 + 2y, <§y3 - §}’2) + (§y3 —3Y2 732 +§y3) = 2y7 + 3Y1Y3 = 3012 + (3 —y2)* =

4 2
=2y7 + )1V — Sy1v2 V3 — 2y2y3 + ¥i.

Method 2

It follows from (2) that

x=Uy, (3)



1 0
X1 0 1 2 1
where x = | X2 |, U = 3 3 |, y=\(Yy2)
X3 o 2 _1 Y3
3

It follows from (1) that

2 1 0 X1
Qx) =xTAx = (x1 X2 Xx3) <1 1 —1> (xz), (4)

X1 2 1 0
wherex =Xz |,A=(1 1 -1
X3 0o -1 1

Rewrite (4) using (3)

Q(x) =xTAx = (Uy)TA(Uy) = yTUTAUy = y"(UTAU)y = y"Cy, (5)

hence
1 0 0\7” 1 0 0
0 L 2 2 1 0\[, _L 2
C=UTAU = 3 3 1 1 -1 3 |=
2 1 0 -1 1 2 1
0 3 73 0 3 73
1.0 0\, , ./t 0 0 2 1 0\N/1 0 0
1 2 1 2 1 1 2
=0"5(11—1)0"5=‘5‘110‘55
o 2 -1/\o -1 1 o 2 _1 2 1 -1/\o 2 -1
3 3 3 3
2 -1/3 2/3
=<—1/3 1 —1) (6)
2/3 -1 1

Substituting the expression for the matrix C from (6) into (5)

1 2
33 V1
Qx)=yTCy=01 Y2 ¥3) —% 1 -1 <y2> =
2 V3
3 -1 1

1 2 1 2 Y1
:(ZY1—§3’2+§3’3 —§Y1+)’2—}’3 §3’1‘3’2+3’3) zz =

, 1 2 1 ) 2 ,
= 2y1 —3%Y2 +§3’13’3 —3%1Y2 ty, —Y2¥3 + 3Y1Y3 = Y23 +y3 =

2 4 -
=2y = VY2t 3)1Ys = 2V2ys+ yi+ y3 = Q).

- 2 4
Answer: Q(y) = 2y{ — Zy1y2 + y1Vs — 2V23 + Vi + ¥5.
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