Answer on Question #60791 — Math — Calculus
Question

The movement of the crest of a wave is modelled with the equation h(t)=0.3cos3t+0.4sin3t.
Find the maximum height of the wave and the time at which it occurs.

Solution
Method 1
We have a function
h(t) = 0.3 cos3t + 0.4 sin3t
1)Find the derivative of the function:
h'(t) =-0.9 sin 3t + 1.2 cos3t
2)Determine the critical points:
h'(t) = 0:
-0.9sin3t+1.2cos3t=0
0.9 sin3t = 1.2 cos3t
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3t = arctan (§)+nn, where n is integer.

The critical points are

t= : (arctan (i) + nrr).
3 3

Ifn=0,then t; = %(arctan (S)) ~ 0.31 lies in the first quadrant;

3t, = (arctan G)) =~ 0.93 lies in the first quadrant;
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Ifn=1,then t, = g(arctan G) + n) =~ 1.36 lies in the first quadrant;

3t, = (arctan G) + n) =~ 4.07 lies in the third quadrant;

1 1 3
cos(3t,) = — =— =3
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3
sin(3t,) = tan(3tz)
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Ifn =2, then t; = %(arctan (g) + 27'[) ~ 2.4 lies in the second quadrant;

3t; = (arctan G) + Zn) =~ 7.21 lies in the first quadrant;
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Ifn=3,then t, = g(arctan G) + 37t) ~ 3.45 lies in the third quadrant;

3ty = (arctan (g) + 37'[) ~ 10.35 lies in the third quadrant;

1 1 3
cos(3t,) = — =— = _23.
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3
sin(3t3) = tan(3tz)
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If n =4, then t5 = %(arctan (g) + 47‘[) ~ 5.00 lies in the fourth quadrant;

3t; = (arctan G) + 4-7'[) =~ 13.49 lies in the first quadrant;
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In any case we obtain either
i) cos(3t*) = %, sin(3t*) = %, when n is even
or
ii) cos(3t,) = —%, sin(3t,) = —%, when n is odd.
3) Find the second derivative
h"(t) =-2.7 cos 3t - 3.6 sin3t

h'(t*)=— 2.7 cos 3t* —3.6 sin3t* =—2.7 - % —3.6- % < 0, hence

t" = g(arctan G) + 2nn) is maximum, where n is integer, then

0.9+16 _

h(t*) = 0.3 cos3t*+ 0.4 sin3t*=0.3 - % +0.4- g ==

0.5,
h'(t,) = 2.7 cos 3t, —3.6 sin3t, =——2.7 - (— g) _36 (— g) > 0, hence

t* = g(arctan G) + (2n + 1)71) is minimum, where n is integer, then

h(t.) = 0.3 cos3t,+ 0.4 sin3t,=0.3 - (— g) +04- (— g) =228 = 0.

The maximum height of the wave equals 0.5 and the time at which it occurs is % (arctan G) +

Znn), n = 0, nis integer.

Answer: 0.5; %(arctan (g) + Znn).

Method 2
Let
h(t) = 0.3 cos (3t) + 0.4 sin(3t)=Rsin(3t + a@) = R sin(3t)- cos(a) + Rcos(3t) - sin(a),
hence
for cos(3t) obtain the identity
R -sin(a) = 0.3 (1)
for sin(3t) obtain the identity

R - cos(a) = 0.4 (2)

R'sin(a) _ 3

It follows from (1) and (2) that tan(a) = Reos@) 4



3
Soa = arctanz

It follows from (1) and (2) that R = \/stinz(a) + R2cos?(a) = V0.32 + 0.4%2 = 0.5.
Besides, |sin(3t + a)| < 1 and the maximum height of the wave equals R = 0.5.

The time at which the maximum occurs is given by

3t+a= g+ 2km, k is integer,

t—l(”+2k )—1(”+2k t 3)—1 (” t 3>+2k -
—32 Vs a—32 T arcan4 —3 2 arcan4 T =

=2 (arccotE + 2kn) =1 (arctani + 2kn).
3 4 3 3
The maximum height of the wave equals 0.5 and the time at which it occurs is

%(arctang + 2kn), k > 0, k is integer.

Answer: 0.5; g(arctan (g) + Znn).
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