
 

 

Answer on Question #60757 – Math – Differential Equations 

Question 

1. Solve 
𝑑𝑦

𝑑𝑥
= 𝑦3 + 3

𝑥2𝑦

𝑥3
+ 3𝑥𝑦2 

Solution 

𝑑𝑦

𝑑𝑥
= 𝑦3 +

𝑥2𝑦

𝑥3
+ 3𝑥𝑦2 is a linear differential equation;          

𝑑𝑦

𝑑𝑥
= 𝑦3 +

𝑦

𝑥
+ 3𝑥𝑦2. 

Let  𝑢 =
𝑦

𝑥
,  then 𝑦 = 𝑢𝑥, 

𝑑𝑦

𝑑𝑥
= 𝑦′ = 𝑢′𝑥 + 𝑢. 

𝑢′𝑥 + 𝑢 = 𝑢3𝑥3 + 𝑢 + 3𝑥𝑢2𝑥2; 

𝑢′𝑥 = 𝑢3𝑥3 + 3𝑢2𝑥3; 

𝑢′ = 𝑥2(𝑢3 + 3𝑢2) 

𝑑𝑢

𝑑𝑥
= 𝑥2(𝑢3 + 3𝑢2); 

Separate the variables: 

𝑑𝑢

𝑢3+3𝑢2
= 𝑥2𝑑𝑥; 

Integrate both sides: 

∫
𝑑𝑢

𝑢3+3𝑢2
= ∫𝑥2𝑑𝑥; 

1

𝑢3+3𝑢2
=

1

𝑢2(𝑢+3)
=

𝐴

𝑢
+

𝐵

𝑢2
+

𝐶

𝑢+3
=

𝐴𝑢(𝑢+3)+𝐵(𝑢+3)+𝐶𝑢2

𝑢3+3𝑢2
=

(𝐴+𝐶)𝑢2+(3𝐴+𝐵)𝑢+3𝐵

𝑢3+3𝑢2
; 

Solve the system {
𝐴 + 𝐶 = 0,
3𝐴 + 𝐵 = 0
3𝐵 = 1,

, ⟹

{
 
 

 
 𝐵 =

1

3
,

𝐴 = −
𝐵

3
= −

1

9
,

𝐶 = −𝐴 =
1

9
.

 

∫
𝑑𝑢

𝑢3 + 3𝑢2
= ∫(−

1

9𝑢
+

1

3𝑢2
+

1

9(𝑢 + 3)
)𝑑𝑢 = −

1

9
∫
𝑑𝑢

𝑢
+
1

3
∫
𝑑𝑢

𝑢2
+
1

9
∫

𝑑𝑢

𝑢 + 3
= 

= −
1

9
ln|𝑢| −

1

3𝑢
+
1

9
ln|𝑢 + 3| + 𝐶 =

1

9
ln |

𝑢+3

𝑢
| −

1

3𝑢
+ 𝐶 =

1

9
ln |1 +

3

𝑢
| −

1

3𝑢
+ 𝐶. 

Then 

1

9
ln |1 +

3𝑥

𝑦
| −

𝑥

3𝑦
=

𝑥3

3
+ 𝐶 ⟹  

1

3
ln |1 +

3𝑥

𝑦
| −

𝑥

𝑦
− 𝑥3 = 𝐶. 

Answer:    
1

3
ln |1 +

3𝑥

𝑦
| −

𝑥

𝑦
− 𝑥3 = 𝐶. 
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