
 

 

Answer on Question #60153 – Math – Differential Equations 

Question 

Find the general solution of 𝑥4𝑦′′ + 𝑥3𝑦′ − 4𝑥2𝑦 = 1, 𝑥 ∈ (0, ∞), given that 𝑦1 = 𝑥2 is a solution of the 

associated homogeneous equation. 

 

Solution 

The associated homogeneous equation is 

𝑥4𝑦′′ + 𝑥3𝑦′ − 4𝑥2𝑦 = 0           (1) 

Its solutions can be found in the following form: 

𝑦 = 𝑥𝑛 

So 

𝑥4𝑦′′ + 𝑥3𝑦′ − 4𝑥2𝑦 = 𝑥4𝑛(𝑛 − 1)𝑥𝑛−2 + 𝑥3𝑛𝑥𝑛−1 − 4𝑥2𝑥𝑛 = (𝑛(𝑛 − 1) + 𝑛 − 4)𝑥𝑛+1 = 0 

𝑛(𝑛 − 1) + 𝑛 − 4 = 0 → 𝑛 = 2 𝑎𝑛𝑑 𝑛 = −2 

Thus,  

𝑦1 = 𝑥2 and 𝑦2 = 𝑥−2 are solutions of  (1). 

Let 𝑓2(𝑥) = 𝑥4, 𝑓1(𝑥) = 𝑥3, 𝑓0(𝑥) = −4𝑥2,  𝑔(𝑥) = 1, 𝑓2(𝑥)𝑦′′ + 𝑓1(𝑥)𝑦′ + 𝑓0(𝑥)𝑦 = 𝑔(𝑥), 

 𝑊(𝑥) = 𝑦1(𝑥)
𝑑

𝑑𝑥
𝑦2(𝑥) − 𝑦2(𝑥)

𝑑

𝑑𝑥
𝑦1(𝑥) = 𝑥2 𝑑

𝑑𝑥
(𝑥−2) − 𝑥−2 𝑑

𝑑𝑥
𝑥2 = −

2𝑥2

𝑥3 −
2𝑥

𝑥2 = −
4

𝑥
 

The general solution of  𝑥4𝑦′′ + 𝑥3𝑦′ − 4𝑥2𝑦 = 1 is 

𝑦(𝑥) = 𝐶1𝑦1(𝑥) + 𝐶2𝑦2(𝑥) + 𝑦2(𝑥) ∫ 𝑦1(𝑥)
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4
𝑙𝑛|𝑥|), where 

𝐶, 𝐷 are arbitrary real constants. 

Answer: 𝐶𝑥2 +
1

𝑥2 (𝐷 −
1

4
𝑙𝑛|𝑥|). 
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