
 

 

ANSWER on Question #59207 – Math – Calculus 

QUESTION #1 

If 𝜑(𝑥, 𝑦, 𝑧) = 2𝑥𝑧4 − 𝑥2𝑦      

Find |∇φ(x, y, z)|  

SOLUTION 

By the definition 

∇= 𝑖
𝜕

𝜕𝑥
+ 𝑗

𝜕

𝜕𝑦
+ 𝑘⃗⃗

𝜕

𝜕𝑧
⟺ ∇𝜑 = 𝑖

𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
 

𝜑(𝑥, 𝑦, 𝑧) = 2𝑥𝑧4 − 𝑥2𝑦 

𝜕𝜑

𝜕𝑥
=

𝜕

𝜕𝑥
(2𝑥𝑧4 − 𝑥2𝑦) = 2𝑧4 − 2𝑥𝑦 

𝜕𝜑

𝜕𝑦
=

𝜕

𝜕𝑦
(2𝑥𝑧4 − 𝑥2𝑦) = −𝑥2 

𝜕𝜑

𝜕𝑧
=

𝜕

𝜕𝑧
(2𝑥𝑧4 − 𝑥2𝑦) = 2𝑥 ∗ 4𝑧3 = 8𝑥𝑧3 

∇𝜑 = 𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
= 𝑖(2𝑧4 − 2𝑥𝑦) + 𝑗(−𝑥2) + 𝑘⃗⃗(8𝑥𝑧3) ⟺ 

|∇φ(x, y, z)| = √(2𝑧4 − 2𝑥𝑦)2 + (−𝑥2)2 + (8𝑥𝑧3)2. 

ANSWER: |∇φ(x, y, z)| = √(2𝑧4 − 2𝑥𝑦)2 + (−𝑥2)2 + (8𝑥𝑧3)2. 

 

QUESTION #2 

If 𝜑(𝑥, 𝑦, 𝑧) = 3𝑥2𝑦 − 𝑦3𝑧2
 

find ∇𝜑 at point (1,-2,-1)  

SOLUTION 

By the definition 

∇= 𝑖
𝜕

𝜕𝑥
+ 𝑗

𝜕

𝜕𝑦
+ 𝑘⃗⃗

𝜕

𝜕𝑧
⟺ ∇𝜑 = 𝑖

𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
 

𝜑(𝑥, 𝑦, 𝑧) = 3𝑥2𝑦 − 𝑦3𝑧2 



 

 

𝜕𝜑

𝜕𝑥
=

𝜕

𝜕𝑥
(3𝑥2𝑦 − 𝑦3𝑧2) = 3𝑦 ∗ 2𝑥 = 6𝑥𝑦 

𝜕𝜑

𝜕𝑦
=

𝜕

𝜕𝑦
(3𝑥2𝑦 − 𝑦3𝑧2) = 3𝑥2 − 3𝑦2𝑧2 

𝜕𝜑

𝜕𝑧
=

𝜕

𝜕𝑧
(3𝑥2𝑦 − 𝑦3𝑧2) = −𝑦3 ∗ 2𝑧 = −2𝑦3𝑧 

∇𝜑 = 𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
= 𝑖(6𝑥𝑦) + 𝑗(3𝑥2 − 3𝑦2𝑧2) + 𝑘⃗⃗(−2𝑦3𝑧) 

∇𝜑(1, −2, −1) = (𝑖(6𝑥𝑦) + 𝑗(3𝑥2 − 3𝑦2𝑧2) + 𝑘⃗⃗(−2𝑦3𝑧)) (1, −2, −1) = 

= 𝑖(6 ∗ 1 ∗ (−2)) + 𝑗(3 ∗ (1)2 − 3 ∗ (−2)2 ∗ (−1)2) + 𝑘⃗⃗(−2 ∗ (−2)3 ∗ (−1)) = 

= 𝑖(−12) + 𝑗(3 − 3 ∗ 4 ∗ 1) + 𝑘⃗⃗(−2 ∗ (−8) ∗ (−1)) = 

= 𝑖(−12) + 𝑗(3 − 12) + 𝑘⃗⃗(−16) = −12𝑖 − 9𝑗 − 16𝑘⃗⃗. 

ANSWER: ∇𝜑(1, −2, −1) = −12𝑖 − 9𝑗 − 16𝑘⃗⃗. 

 

QUESTION #3 

Find a unit normal to the surface 𝑥2𝑦 + 2𝑥𝑧 = 4 at point (2,-2,3). 

SOLUTION 

By definition, the unit normal to the surface 𝜑(𝑥, 𝑦, 𝑧) = 0 is 

𝑛⃗⃗ =
∇𝜑

|∇𝜑|
 

The reference surface 𝜑(𝑥, 𝑦, 𝑧) is defined by the equation  

𝜑(𝑥, 𝑦, 𝑧) = 𝑥2𝑦 + 2𝑥𝑧 − 4 

By the definition 

∇= 𝑖
𝜕

𝜕𝑥
+ 𝑗

𝜕

𝜕𝑦
+ 𝑘⃗⃗

𝜕

𝜕𝑧
⟺ ∇𝜑 = 𝑖

𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
 

𝜕𝜑

𝜕𝑥
=

𝜕

𝜕𝑥
(𝑥2𝑦 + 2𝑥𝑧 − 4) = 2𝑥 ∗ 𝑦 + 2𝑧 = 2𝑥𝑦 + 2𝑧 

𝜕𝜑

𝜕𝑦
=

𝜕

𝜕𝑦
(𝑥2𝑦 + 2𝑥𝑧 − 4) = 𝑥2 



 

 

𝜕𝜑

𝜕𝑧
=

𝜕

𝜕𝑧
(𝑥2𝑦 + 2𝑥𝑧 − 4) = 2𝑥 

∇𝜑 = 𝑖
𝜕𝜑

𝜕𝑥
+ 𝑗

𝜕𝜑

𝜕𝑦
+ 𝑘⃗⃗

𝜕𝜑

𝜕𝑧
= 𝑖(2𝑥𝑦 + 2𝑧) + 𝑗(𝑥2) + 𝑘⃗⃗(2𝑥) ⟺ 

∇𝜑(2, −2,3) = (𝑖(2𝑥𝑦 + 2𝑧) + 𝑗(𝑥2) + 𝑘⃗⃗(2𝑥)) (2, −2,3) = 

= 𝑖(2 ∗ 2 ∗ (−2) + 2 ∗ 3) + 𝑗(22) + 𝑘⃗⃗(2 ∗ 2) = 𝑖(−8 + 6) + 4𝑗 + 4𝑘⃗⃗ = 

 = −2𝑖 + 4𝑗 + 4𝑘⃗⃗ 

|∇𝜑| = √(−2)2 + 42 + 42 = √4 + 16 + 16 = √36 = 6 

Hence, the desired unit normal looks 

𝑛⃗⃗ =
∇𝜑

|∇𝜑|
=

1

6
(−2𝑖 + 4𝑗 + 4𝑘⃗⃗) =

−1

3
𝑖 +

2

3
𝑗 +

2

3
𝑘⃗⃗ = 

=
−1

3
𝑖 +

2

3
𝑗 +

2

3
𝑘⃗⃗. 

ANSWER:  𝑛⃗⃗ =
−1

3
𝑖 +

2

3
𝑗 +

2

3
𝑘⃗⃗. 

 

QUESTION #4 

Let  𝜑(𝑥, 𝑦, 𝑧) = 𝑥𝑦2𝑧 

and  𝐴 = 𝑥𝑧𝑖 − 𝑥𝑦2𝑗 + 𝑦𝑧2𝑘⃗⃗ 

Find  

𝜕3

𝜕2𝑥𝜕𝑧
 (𝜑𝐴) 

SOLUTION 

First you transform expression  

𝜑𝐴 = 𝑥𝑦2𝑧 ∗ (𝑥𝑧𝑖 − 𝑥𝑦2𝑗 + 𝑦𝑧2𝑘⃗⃗) = 

= (𝑥𝑦2𝑧 ∗ 𝑥𝑧)𝑖 − (𝑥𝑦2𝑧 ∗ 𝑥𝑦2)𝑗 + (𝑥𝑦2𝑧 ∗ 𝑦𝑧2)𝑘⃗⃗ = 𝑥2𝑦2𝑧2𝑖 − 𝑥2𝑦4𝑧𝑗 + 𝑥𝑦3𝑧3𝑘⃗⃗ 

We now turn to the calculation of the expression 

 

 



 

 

𝜕3

𝜕2𝑥𝜕𝑧
 (𝜑𝐴) =

𝜕3

𝜕2𝑥𝜕𝑧
 (𝑥2𝑦2𝑧2𝑖 − 𝑥2𝑦4𝑧𝑗 + 𝑥𝑦3𝑧3𝑘⃗⃗) = 

= 𝑖
𝜕3

𝜕2𝑥𝜕𝑧
(𝑥2𝑦2𝑧2) + 𝑗

𝜕3

𝜕2𝑥𝜕𝑧
(−𝑥2𝑦4𝑧) + 𝑘⃗⃗

𝜕3

𝜕2𝑥𝜕𝑧
(𝑥𝑦3𝑧3) 

𝜕3

𝜕2𝑥𝜕𝑧
(𝑥2𝑦2𝑧2) =

𝜕2

𝜕2𝑥
(2𝑥2𝑦2𝑧) =

𝜕

𝜕𝑥
(2 ∗ 2𝑥𝑦2𝑧) = 4𝑦2𝑧 

𝜕3

𝜕2𝑥𝜕𝑧
(−𝑥2𝑦4𝑧) =

𝜕2

𝜕2𝑥
(−𝑥2𝑦4) =

𝜕

𝜕𝑥
(−2𝑥𝑦4) = −2𝑦4 

𝜕3

𝜕2𝑥𝜕𝑧
(𝑥𝑦3𝑧3) =

𝜕2

𝜕2𝑥
(𝑥𝑦3 ∗ 3𝑧2) =

𝜕

𝜕𝑥
(𝑦3 ∗ 3𝑧2) = 0 

Substitute all found the partial derivatives in the expression 

𝜕3

𝜕2𝑥𝜕𝑧
 (𝜑𝐴) = 𝑖

𝜕3

𝜕2𝑥𝜕𝑧
(𝑥2𝑦2𝑧2) + 𝑗

𝜕3

𝜕2𝑥𝜕𝑧
(−𝑥2𝑦4𝑧) + 𝑘⃗⃗

𝜕3

𝜕2𝑥𝜕𝑧
(𝑥𝑦3𝑧3) = 

= 𝑖 ∗ 4𝑦2𝑧 + 𝑗⃗ ∗ (−2𝑦4𝑧) + 𝑘⃗⃗⃗ ∗ 0 = 4𝑦2𝑧 ∗ 𝑖 − 2𝑦4𝑧 ∗ 𝑗⃗ 

ANSWER:  
𝜕3

𝜕2𝑥𝜕𝑧
 (𝜑𝐴) = 4𝑦2𝑧 ∗ 𝑖 − 2𝑦4𝑧 ∗ 𝑗. 
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