
 

 

Answer on Question #58980 – Math – Abstract Algebra 

Question 

Do the non-zero positive rational numbers form a group with respect to multiplication? 

Solution 

Let 𝐺 = {𝑥: 𝑥 > 0, 𝑥 ∈ ℚ}.  

Let us check the group axioms: 

Closure. Let  𝑎, 𝑏 ∈ 𝐺. Then  𝑎 ∙ 𝑏 > 0, and obviously 𝑎 ∙ 𝑏 ∈ ℚ.  

Associativity. Obviously (𝑎 ∙ 𝑏) ∙ 𝑐 = 𝑎 ∙ (𝑏 ∙ 𝑐) = 𝑎𝑏𝑐 for all 𝑎, 𝑏, 𝑐 ∈ 𝐺.   

Identity element. There exists an element 𝑒 ≔ 1 ∈ 𝐺:  1 ∙ 𝑎 = 𝑎 ∙ 1 = 𝑎 for all  𝑎 ∈ 𝐺.  

Inverse element. For each 𝑎 ∈ 𝐺 there exists an element 𝑎−1 ≔
1

𝑎
∈ 𝐺 (

1

𝑎
> 0,

1

𝑎
∈ ℚ) such that  

𝑎 ∙
1

𝑎
=

1

𝑎
∙ 𝑎 = 1 = 𝑒.  

All the axioms are satisfied so the non-zero positive rational numbers form a group with respect 

to multiplication. 

Answer. Yes.  

Question 

Do the even integer form a group with respect to addition? 

Solution 

Let 𝐺 = {𝑥: 𝑥 ∈ ℤ, 2|𝑥}. Let us check the group axioms: 

Closure. Let 𝑎 = 2𝑘1 ∈ 𝐺, 𝑏 = 2𝑘2 ∈ 𝐺. Then 𝑎 + 𝑏 = 2𝑘1 + 2𝑘2 = 2(𝑘1 + 𝑘2) ∈ 𝐺. 

Associativity. Obviously (𝑎 + 𝑏) + 𝑐 = 𝑎 + (𝑏 + 𝑐) = 𝑎 + 𝑏 + 𝑐 for all 𝑎, 𝑏, 𝑐 ∈ 𝐺.  

Identity element. There exists an element 𝑒 ≔ 0 ∈ 𝐺:  0 + 𝑎 = 𝑎 + 0 = 𝑎 for all  𝑎 ∈ 𝐺. 

Inverse element. For each 𝑎 ∈ 𝐺 there exists an element 𝑎−1 ≔ −𝑎 ∈ 𝐺 (−𝑎 ∈ ℤ, 2|(−𝑎)) such 

that  

𝑎 + (−𝑎) = −𝑎 + 𝑎 = 0 = 𝑒.  

All the axioms are satisfied so the even integer form a group with respect to addition. 

Answer. Yes.  
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