
 

 

Answer on Question #58821 – Math – Differential Equations 

Question 

1. Solve (𝑥3 + 𝑦3)𝑑𝑥 − 3𝑥𝑦2𝑑𝑦 = 0 

Solution 

(𝑥3 + 𝑦3)𝑑𝑥 − 3𝑥𝑦2𝑑𝑦 = 0; 

 (𝑥3 + 𝑦3)𝑑𝑥 = 3𝑥𝑦2𝑑𝑦; 

3𝑥𝑦2𝑑𝑦 = (𝑥3 + 𝑦3)𝑑𝑥; 

Divide both sides by 3𝑥𝑦2𝑑𝑥: 

𝑑𝑦

𝑑𝑥
=

𝑥3+𝑦3

3𝑥𝑦2 . 

Divide numerator and denominator by 𝑥3. 

𝑑𝑦

𝑑𝑥
=

𝑥3

𝑥3+
𝑦3

𝑥3

3𝑥𝑦2

𝑥3

; 

𝑑𝑦

𝑑𝑥
=

1+
𝑦3

𝑥3

3
𝑦2

𝑥2

; 

Let  𝑢 =
𝑦

𝑥
,  then 𝑦 = 𝑢𝑥,   

𝑑𝑦

𝑑𝑥
= 𝑦′ = 𝑢′𝑥 + 𝑢. 

𝑢′𝑥 + 𝑢 =
1+𝑢3

3𝑢2 ; 

𝑢′𝑥 =
1+𝑢3

3𝑢2 − 𝑢; 

𝑢′𝑥 =
1+𝑢3−3𝑢3

3𝑢2 ; 

𝑢′𝑥 =
1−2𝑢3

3𝑢2 ; 

𝑑𝑢

𝑑𝑥
𝑥 =

1−2𝑢3

3𝑢2 ; 

Separate the variables: 

3𝑢2𝑑𝑢

1−2𝑢3 =
𝑑𝑥

𝑥
; 

Integrate both sides: 

∫
3𝑢2𝑑𝑢

1−2𝑢3 = ∫
𝑑𝑥

𝑥
; 

−
1

2
∫

𝑑(1−2𝑢3)

1−2𝑢3
= ∫

𝑑𝑥

𝑥
; 



 

 

−
1

2
ln|1 − 2𝑢3| = ln 𝑥 + ln 𝐶, where  𝐶  is an integration constant; 

ln
1

√1−2𝑢3
= ln|𝐶𝑥|. 

1

√1−2𝑢3
= 𝐶𝑥; 

1 − 2𝑢3 =
1

𝐶𝑥2; 

2𝑢3 = 1 −
1

𝐶𝑥2
; 

2
𝑦3

𝑥3 = 1 −
1

𝐶𝑥2; 

𝑦3 =
𝑥3

2
−

𝑥3

2𝐶𝑥2
; 

𝑦3 =
𝑥3

2
−

𝑥

2𝐶
. 

Then  𝑦 = √
𝑥3

2
−

𝑥

2𝐶

3
. 

Answer:    𝑦 = √
𝑥3

2
−

𝑥

2𝐶

3
. 

Question 

2. Solve the variable separable    𝑥3𝑑𝑥+(𝑦 + 1)2𝑑𝑦 = 0. 

Solution 

𝑥3𝑑𝑥+(𝑦 + 1)2𝑑𝑦 = 0; 

𝑥3𝑑𝑥 = −(𝑦 + 1)2𝑑𝑦. 

Separate the variables: 

𝑥3𝑑𝑥 = −(𝑦 + 1)2𝑑𝑦. 

Integrate both sides: 

∫  𝑥3𝑑𝑥 = − ∫(𝑦 + 1)
2

𝑑𝑦; 

𝑥4

4
+ 𝐶 = − ∫(𝑦 + 1)2𝑑𝑦, where  C is an integration constant; 

− ∫(𝑦+1)2𝑑(𝑦 + 1) =
𝑥4

4
+ 𝐶; 

−
(𝑦+1)3

3
=

𝑥4

4
+ 𝐶; 

(𝑦 + 1)3 = −
3𝑥4

4
− 3𝐶; 



 

 

𝑦 + 1 = √−
3𝑥4

4
− 3𝐶

3

; 

𝑦 = −1 + √−
3𝑥4

4
− 3𝐶

3

. 

Answer:  𝑦 = −1 + √−
3𝑥4

4
− 3𝐶

3

. 

Question 

3. Solve (1 + 2𝑒
𝑥

𝑦) 𝑑𝑥 + 2𝑒
𝑥

𝑦 (1 −
𝑥

𝑦
) 𝑑𝑦 = 0. 

Solution 

(1 + 2𝑒
𝑥
𝑦) 𝑑𝑥 + 2𝑒

𝑥
𝑦 (1 −

𝑥

𝑦
) 𝑑𝑦 = 0. 

Let  𝑃(𝑥, 𝑦) = 1 + 2𝑒
𝑥

𝑦, Q(𝑥, 𝑦) = 2𝑒
𝑥

𝑦 (1 −
𝑥

𝑦
) = 2𝑒

𝑥

𝑦 − 2𝑒
𝑥

𝑦
𝑥

𝑦
. 

Find   
𝜕𝑃(𝑥,𝑦)

𝜕𝑦
= −

2𝑥𝑒
𝑥
𝑦

𝑦2   and  
𝜕𝑄(𝑥,𝑦)

𝜕𝑥
= −

2𝑥𝑒
𝑥
𝑦

𝑦2 . Because 
𝜕𝑃(𝑥,𝑦)

𝜕𝑦
=

𝜕𝑄(𝑥,𝑦)

𝜕𝑥
 ,  we deal with an exact 

equation. 

Define 𝑓(𝑥, 𝑦)  such that 
𝜕𝑓(𝑥,𝑦)

𝜕𝑥
= 𝑃(𝑥, 𝑦) and  

𝜕𝑓(𝑥,𝑦)

𝜕𝑦
= 𝑄(𝑥, 𝑦). 

The solution is  𝑓(𝑥, 𝑦) = 𝐶, where 𝐶  is an arbitrary real constant; 

𝑓(𝑥, 𝑦) = ∫ 𝑃(𝑥, 𝑦)𝑑𝑥 + 𝑔(𝑦) = ∫ (1 + 2𝑒
𝑥

𝑦) 𝑑𝑥 + 𝑔(𝑦) = 𝑥 + 2𝑦𝑒
𝑥

𝑦 + 𝑔(𝑦). 

𝑓(𝑥, 𝑦) = ∫ 𝑄(𝑥, 𝑦)𝑑𝑦 + 𝑟(𝑥) = ∫ 2𝑒
𝑥

𝑦 (1 −
𝑥

𝑦
) 𝑑𝑦 + 𝑟(𝑥) = 2𝑦𝑒

𝑥

𝑦 + 𝑟(𝑥). 

Equate both expressions for 𝑓(𝑥, 𝑦): 

 𝑥 + 2𝑦𝑒
𝑥

𝑦 + 𝑔(𝑦) = 2𝑦𝑒
𝑥

𝑦 + 𝑟(𝑥), 

hence 𝑔(𝑦) = 0 and 𝑟(𝑥) = 𝑥, therefore 𝑓(𝑥, 𝑦) = 𝑥 + 2𝑦𝑒
𝑥

𝑦 = 𝐶 

Answer: 𝑥 + 2𝑦𝑒
𝑥

𝑦 = 𝐶. 

 

 

 

 



 

 

       Question 

4. Solve 𝑦(𝑥𝑦 + 1)𝑑𝑥 + 𝑥(1 + 𝑥𝑦 + 𝑥2𝑦2)𝑑𝑦 = 0 

Solution 

Divide both sides by 𝑑𝑥: 

𝑦(𝑥𝑦 + 1) + 𝑥(1 + 𝑥𝑦 + 𝑥2𝑦2)
𝑑𝑦

𝑑𝑥
= 0; 

Let 𝑢 = 𝑥𝑦. Then 𝑦 =
𝑢

𝑥
,   

𝑑𝑦

𝑑𝑥
= 𝑦′ =

𝑢′

𝑥
−

𝑢

𝑥2
; 

𝑢

𝑥
(𝑢 + 1) + 𝑥(1 + 𝑢 + 𝑢2) (

𝑢′

𝑥
−

𝑢

𝑥2) = 0; 

Multiply both sides by 𝑥: 

𝑢2 + 𝑢 + (1 + 𝑢 + 𝑢2)(𝑢′𝑥 − 𝑢) = 0; 

𝑢2 + 𝑢 + 𝑢′𝑥(1 + 𝑢 + 𝑢2) − 𝑢 − 𝑢2 − 𝑢3 = 0; 

𝑢′𝑥(1 + 𝑢 + 𝑢2) − 𝑢3 = 0; 

𝑢′𝑥(1 + 𝑢 + 𝑢2) = 𝑢3; 

𝑑𝑢

𝑑𝑥
𝑥(1 + 𝑢 + 𝑢2) = 𝑢3. 

Separate the variables: 

(1+𝑢+𝑢2)𝑑𝑢

𝑢3 =
𝑑𝑥

𝑥
. 

Integrate both sides: 

∫
(1+𝑢+𝑢2)𝑑𝑢

𝑢3 = ∫
𝑑𝑥

𝑥
; 

∫ 𝑢−3𝑑𝑢 + ∫ 𝑢−2𝑑𝑢 + ∫
𝑑𝑢

𝑢
= ln 𝑥 + 𝐶; 

C is an integration constant; 

1

−2𝑢2 −
1

𝑢
+ ln 𝑢 = ln 𝑥 + 𝐶. 

Go back to 𝑢 = 𝑥𝑦, then find  
1

−2𝑥2𝑦2
−

1

𝑥𝑦
+ ln(𝑥𝑦) = ln 𝑥 + 𝐶; 

1

−2𝑥2𝑦2
−

1

𝑥𝑦
+ ln𝑥 + ln𝑦 = ln 𝑥 + 𝐶; 

1

−2𝑥2𝑦2 −
1

𝑥𝑦
+ ln𝑦 = 𝐶. 

Answer:  −
1

2𝑥2𝑦2 −
1

𝑥𝑦
+ ln𝑦 = 𝐶. 



 

 

Question 

5. Solve 𝑥𝑑𝑦 − 𝑦𝑑𝑥 − √𝑥2 − 𝑦2𝑑𝑥 = 0 

Solution 

𝑥𝑑𝑦 − 𝑦𝑑𝑥 − √𝑥2 − 𝑦2𝑑𝑥 = 0; 

𝑥𝑑𝑦 = (𝑦 + √𝑥2 − 𝑦2)𝑑𝑥. 

Divide both sides by 𝑥𝑑𝑥: 

𝑑𝑦

𝑑𝑥
=

(𝑦+√𝑥2−𝑦2)

𝑥
; 

𝑑𝑦

𝑑𝑥
=

𝑦

𝑥
+ √1 −

𝑦2

𝑥2
; 

Let  𝑢 =
𝑦

𝑥
,  then 𝑦 = 𝑢𝑥,  

𝑑𝑦

𝑑𝑥
= 𝑦′ = 𝑢′𝑥 + 𝑢. 

𝑢′𝑥 + 𝑢 = 𝑢 + √1 − 𝑢2; 

𝑢′𝑥 = √1 − 𝑢2; 

𝑑𝑢

𝑑𝑥
𝑥 = √1 − 𝑢2. 

Separate the variables: 

𝑑𝑢

√1−𝑢2
=

𝑑𝑥

𝑥
. 

Integrate both sides: 

∫
𝑑𝑢

√1−𝑢2
= ∫

𝑑𝑥

𝑥
; 

sin−1 𝑢 = ln 𝑥 + ln 𝐶; 

C is an integration constant. 

𝑢 = sin(ln 𝐶𝑥). 

Go back to 𝑢 =
𝑦

𝑥
 ,  then   

𝑦

𝑥
= sin(ln 𝐶𝑥),  

 𝑦 = 𝑥 sin(ln 𝐶𝑥). 

Answer:   𝑦 = 𝑥 sin(ln 𝐶𝑥). 
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