
 

 

Answer on Question #58663 – Math – Differential Equations 

Question 

Find the general solution of the following differential equation 

𝑦′′ − 4𝑦′ + 3𝑦 = 2(1 + 2𝑥)𝑒𝑥 + 𝑥 

 

Solution 

The auxiliary equation is 

𝜆2 − 4𝜆 + 3 = 0. 

Its solutions are 

𝜆1 =
4−√16−12

2
= 1,    𝜆2 =

4+2

2
= 3. 

The general solution of the homogeneous differential equation 𝑦′′ − 4𝑦′ + 3𝑦 = 0 is 

𝑌 = 𝑐1𝑒
𝜆1𝑥 + 𝑐2𝑒

𝜆2𝑥 

𝑌 = 𝑐1𝑒
𝑥 + 𝑐2𝑒

3𝑥, 

where 𝑐1, 𝑐2 are arbitrary real constants. 

The general solution of the non-homogeneous differential equation  

𝑦′′ − 4𝑦′ + 3𝑦 = 2(1 + 2𝑥)𝑒𝑥 + 𝑥 

 is 

𝑦 = 𝑌 + 𝑦̃, 

𝑌  is the general solution of the homogeneous differential equation; 

𝑦̃  is a particular solution of the non-homogeneous differential equation. 

We use the method of undetermined coefficients. 

Because  𝑒𝑥 = 𝑒𝑥𝜆1, we search a particular solution in the following form: 

𝑦̃ = (𝐴𝑥2 + 𝐵𝑥)𝑒𝑥 + 𝐶𝑥 + 𝐷 = 𝐴𝑥2𝑒𝑥 + 𝐵𝑥𝑒𝑥 + 𝐶𝑥 + 𝐷 

𝑦′̃ = (2𝐴𝑥 + 𝐵)𝑒𝑥 + (𝐴𝑥2 + 𝐵𝑥)𝑒𝑥 + 𝐶 = 𝐴𝑥2𝑒𝑥 + (2𝐴 + 𝐵)𝑥𝑒𝑥 + 𝐵𝑒𝑥 + 𝐶 



 

 

𝑦′′̃ = 2𝐴𝑥𝑒𝑥 + 𝐴𝑥2𝑒𝑥 + (2𝐴 + 𝐵)𝑒𝑥 + (2𝐴 + 𝐵)𝑥𝑒𝑥 + 𝐵𝑒𝑥 = 𝐴𝑥2𝑒𝑥 + 2(𝐴 + 𝐵)𝑒𝑥 + (4𝐴 + 𝐵)𝑥𝑒𝑥 

Plug  𝑦̂, 𝑦′̃, 𝑦′′̃  into the initial  non-homogeneous differential equation: 

𝐴𝑥2𝑒𝑥 + 2(𝐴 + 𝐵)𝑒𝑥 + (4𝐴 + 𝐵)𝑥𝑒𝑥 − 4(𝐴𝑥2𝑒𝑥 + (2𝐴 + 𝐵)𝑥𝑒𝑥 + 𝐵𝑒𝑥 + 𝐶) + 

+3(𝐴𝑥2𝑒𝑥 + 𝐵𝑥𝑒𝑥 + 𝐶𝑥 + 𝐷) = 2(1 + 2𝑥)𝑒𝑥 + 𝑥 

−4𝐴𝑥𝑒𝑥 + 2(𝐴 + 𝐵)𝑒𝑥 + 3𝐶𝑥 + 3𝐷 − 4𝐶 = 4𝑥𝑒𝑥 + 2𝑒𝑥 + 𝑥 

Equate like terms and get the following system of equations: 

{

−4𝐴 = 4
2(𝐴 − 𝐵) = 2
3𝐶 = 1

3𝐷 − 4𝐶 = 0

                 ⇒                     

{
 
 

 
 
𝐴 = −1
𝐵 = −2

𝐶 =
1

3

𝐷 =
4

9

 

Then 

𝑦̃ = −𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 +
𝑥

3
+
4

9
. 

Finally get 

𝑦 = 𝑌 + 𝑦̃ = 𝑐1𝑒
𝑥 + 𝑐2𝑒

3𝑥 − 𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 +
𝑥

3
+
4

9
. 

Answer:   𝑦 = 𝑐1𝑒
𝑥 + 𝑐2𝑒

3𝑥 − 𝑥2𝑒𝑥 − 2𝑥𝑒𝑥 +
𝑥

3
+
4

9
. 
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