
 

 

Answer on Question #57663 – Math – Calculus 

Find the Fourier series of 𝑓(𝑥) = 2 − 𝑥2 on (−2 < 𝑥 < 2)  

Solution 

Recall that the mathematical expression 

𝑓(𝑥) ~ 𝑎0 + ∑ (𝑎𝑖 cos (
𝜋

2
𝑖𝑥) + 𝑏𝑖sin (

𝜋

2
𝑖𝑥))

∞

𝑖=1

 

is called a Fourier series. The constants 𝑎0, 𝑎𝑖 and 𝑏𝑖 for 𝑖 = 1,2,3 … ., are called 

the coefficients of 𝐹𝑛(𝑥). 

So we need to find this coefficients. 

𝑎0 =
1

2
∫ 𝑓(𝑥)𝑑𝑥 =

1

2
∫(2 − 𝑥2)𝑑𝑥 =

1

2
(2𝑥 −

𝑥3

3
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−2
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2

−2

=
4

3
 

𝑎𝑖 =
1

2
∫ 𝑓(𝑥)𝑐𝑜𝑠 (

𝜋

2
𝑖𝑥) 𝑑𝑥

2

−2

=
1

2
∫(2 − 𝑥2)𝑐𝑜𝑠 (

𝜋

2
𝑖𝑥) 𝑑𝑥 = 

2

−2

1

2
∫ 2𝑐𝑜𝑠 (

𝜋

2
𝑖𝑥) 𝑑𝑥

2

−2

= −
1

2
∫ 𝑥2𝑐𝑜𝑠 (

𝜋

2
𝑖𝑥) 𝑑𝑥

2

−2

= 0 −
1

2
∫ 𝑥2𝑐𝑜𝑠 (

𝜋

2
𝑖𝑥) 𝑑𝑥

2

−2

=
2

2𝜋𝑖
∫ 𝑥2𝑑 (𝑠𝑖𝑛 (

𝜋

2
𝑖𝑥))

2

−2

=
1

𝜋𝑖
(𝑥2𝑠𝑖𝑛 (

𝜋

2
𝑖𝑥)|

−2

2

− ∫ 2𝑥𝑠𝑖𝑛 (
𝜋

2
𝑖𝑥) 𝑑(𝑥)

2

−2
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=
4

(𝜋𝑖)2
∫ 𝑥 𝑑 (𝑐𝑜𝑠 (

𝜋

2
𝑖𝑥))

2

−2

=
4

(𝜋𝑖)2
(𝑥𝑐𝑜𝑠 (

𝜋

2
𝑖𝑥)|

−2

2

− ∫ 𝑐𝑜𝑠 (
𝜋

2
𝑖𝑥)  𝑑(𝑥)

2

−2

)

=
4

(𝜋𝑖)2
4𝑐𝑜𝑠(𝜋𝑖) = (−1)𝑖

16

(𝜋𝑖)2
 

𝑏𝑖 =
1

2
∫ 𝑓(𝑥)𝑠𝑖𝑛 (

𝜋

2
𝑖𝑥) 𝑑𝑥

2

−2

=
1

2
∫(2 − 𝑥2)𝑠𝑖𝑛 (

𝜋

2
𝑖𝑥) 𝑑𝑥

2

−2

=
1

2
∫ 2𝑠𝑖𝑛 (

𝜋

2
𝑖𝑥) 𝑑𝑥 −

1

2
∫ 𝑥2𝑠𝑖𝑛 (

𝜋

2
𝑖𝑥) 𝑑𝑥

2

−2

=

2

−2

0 

The coefficients 𝑏𝑖 are zero, because both functions are odd in symmetric 

integrating limits. 

Hence 

𝑓(𝑥) = 2 − 𝑥2~ 
4

3
+ ∑ ((−1)𝑖

16

(𝜋𝑖)2
cos (

𝜋

2
𝑖𝑥) + 0 ∗ sin (

𝜋

2
𝑖𝑥))

∞

𝑖=1

=
4

3
+ ∑ ((−1)𝑖

16

(𝜋𝑖)2
cos (

𝜋

2
𝑖𝑥))

∞

𝑖=1

=
4

3
−

16

𝜋2
cos (

𝜋

2
𝑥) +

16

4𝜋2
cos(𝜋𝑥) −

16

9𝜋2
cos (

3𝜋

2
𝑥) + ⋯ 

Answer: 𝑓(𝑥)~ 
4

3
−

16

𝜋2
cos (

𝜋

2
𝑥) +

16

4𝜋2
cos(𝜋𝑥) −

16

9𝜋2
cos (

3𝜋

2
𝑥) + ⋯ 
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